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6 SOLUTIONS AND 6 EXTENSIONS FOR AN INEQUALITY

MARIN CHIRCIU, DANIEL SITARU

ABSTRACT. In this paper are founded several ways to develop a given
inequality.

Let a,b > 0. Prove that:

2ab [a2 + b2 a+b [ 2 (a +b)2
4 < <
_<a+b+ 2 ><2ab T a2—|—b2>_ ab

Daniel Sitaru, AoPS, 23 December 2016

Solution 1 by Soumava Chakarborty - Kolkata - India.

4/a a+b 4ab (a+b)?
LHS =
5 ?)Jra—l—b+\/@+(OL—1—I))2+ 4ab

a+b (a+b)? a+b (a+0b)?

<3+2 1 _ .
s34 +\/%+ + 4ab 6+ \/ab+ 4ab

. a+b (a+b)? a b

: < (2 4 2

Suffice it to show that: 6 + = + 1ab <54 (b+a>

which is equivalent to

2 2, 32
a+b+ (a+b) < 2(a® +b%)

1 1
(1) + Vab dab ~ ab
2ab b b)?
Now, by the GM - HM inequality, VvV ab > a;:ib’ hence a\/—:Tb < (az—;b)

It follows that:

2 2
a+b+1 (a+0b) <1+3(a+b).

Vab + 4ab 4ab
(1) and (2) show that the problem will be solved if we manage to prove

3(a+ b)? + 4ab < 2(a® + b?)
4ab - ab '

This is equivalent to 3a®+3b*+10ab < 8a?48b2, or 5a’+5b>—1ab > 0, which is simply
5(a—b)>0

O
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Solution 2 by Kevin Soto Palacios - Huarmey - Peru.

2 4ab
We employ the obvious d % <1 to obtain
a

Vab
<1
T (a+b)

3(a + b)?

LHS <6
=0+ 4ab

2
Suffice it to prove that 6 + M <54+ 2(9 4 7>,
4ab b a

Now note that

4ab 4\b a b a
5 b5r7a b
— < - = —
Because, 5 = 4(b a)

Solution 3 by Soumava Chakraborty - Kolkata - India.

b 2
Using the AM - GM inequality, ath >+vab and — < —
2 a+b ab

LHSS(\/@—#—\/@—FG;I))(GQZ;—F\/%—F\/%) -

:<2\/%+a—2i—b)(a+b+ 2 >:a+b+4+(a+b)2+a+b:

2ab  Vab Vab 4ab Vab
2
oy, (atb? 2atb)

dab Vab
Thus, suffice it to prove that
(a+ b)? N 2(a+1b)
4dab Vab
which is equivalent to
2 24 32 2 2
(a+0b) N 2(a+b) <142° +0% 207 +2b° +ab
4ab Vab ab ab
1 a+b 2(a+b) _ (a+b)?
e t
Vab ~ 2ab we ge ab
(a+b)2+2(a+b)<(a+b)2 a+b)?  5(a+b)?
4dab Vab —  4adb a - dab
(a+b)? < 2a? 4 2b2 + ab
ab ab
5a* + 5b% + 10ab < 8a* + 8b* + 4ab

which reduces to 3(a — b)? > 0.

b
44 <5+2(5+2)
a

b

, implying

IN

Now, from

a+
Vab
L

5
Thus, suffice it to prove 1 , i.e.,



WWW.SSMRMH.RO
Solution 4 by Abdallah El Farissi - Bechar - Algerie.

Let

A:(oﬁbb%/‘%J’a;b)(aszbjL\/%bjLaib) -

(e ) et vt ) -

:alb(a—i—b \F+a+b> <$(m+a+b)2
:%(ab—F?\/@(a‘Fb) (+b)2) ib(ab+2(a+b))
zi(sab+2(a2+b2)>*5 2(1) Z)

Solution 5 by Soumava Chakraborty - Kolkata - India.

a+b

2ab
Define = ib,y—@,ZZ

LHS = (Z x) (Z ;) _ (chcl 30)(;2;;— yz + z2x)

cycl cycl

. Wehavexgygzandgf:xz.

_ Cpa)@ytyzty?)  (@ty+2)®  (@ty+e)’

TYZ Tz y
RHS — 20> + 20> + 5ab _ 2(a+0b)* +ab _ 1+8722
ab ab 2
2 8 2
The required inequality is equivalent to w <1+ iz which is
Y

(x+y+2)2—y? <822, or (v + 2y +2)(z +2) < 822
Since x <y < z,x+2y+ 2z <4z and x + z < 2z, which shows that, indeed,
(x4 2y + 2)(x + 2) < 822

Solution 6 by Daniel Sitaru - Romania.

We know that, for positivea,b,c,

2ab S\/%Sa—’_b
a+b 2

We’ll use Schweitzer’s inequality:

)

where x1,...,%, € [m, M],m > 0.
2ab b
withn =3, m=x, = %7372 =vab, and x3 = % = M, we directly get
a

2ab a+b\2

2ab a+b\ra+b 1 2 (Z3+ %)
A=(22° o Vab <
(a—i—bJr ab+ 2 )<2ab Jr\/abJra—I—b>_9 4ab
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9

4ab

9

<
~ 4dab

( 2ab

= a+b)2

5 (\/%)2+2ab+(a;b)2

)2 —|—2ab+(

9
"~ 16ab

a;rb)Q [14ab + (a? + b?)] = @+2(9+9).

b
3ab+ 8 16\b

~ 4ab

l/a b 23 23/a b
< Z T2y 2
Now, 1 D) (b ) It then fOllOU)S that 3 (b ) and subsequently,

1
5160+ a) <% () =325+ )

This double inequality can be developed.

Let a,b > 0. Prove that:
Extension 1:

<F><F><>

Proof (Marin Chirciu).

N =

We denote

1 1 b
We have E = (z+y) <7+ ) x +y’ . We look for an inequality having the form E < k+n(%+f).
Ty a
2 2 2 2 2 2
o () + 4 GRS ) S
We obtain E < kJrn(nga) & 2+ =24+— 50 <2+ ——5 —ath =2+ i
a-+b 2 a-+b 2
b 2402 b
k+n 4 + — ), where the penultimate inequality follows from: ot > @t
b 2 2
a

< kab + n(a® + v?)

2ab ) N a® 4+ b?
+b 2
& dab(a +b)? + 8a%b? + (a® + b*)(a + b)* < 2kab(a + b)* + 2n(a® + b*)(a + b)? <
(1) (2n—1)a*+(2k+4n—6)a’b+(4k+4n—18)a’b*+(2k+4n—6)ab’+ (2n—1)b* > 0
In Horner’s scheme we put the condition that (1) to be double root and we obtain:
8k+16n—32 = 0, 16k+32n—64 = 0, wherefrom k+2n = 4. It follows that (1) can be written:

(a—b)* < [(2n — 1)a® + (2k + 8n — 8)ab + (8k + 18n — 33)b*] > 0 <

(a —b)* & [(2n — 1)a® + 4nab + (2n — 1)b*] > 0.
Putting the condition that the right parenthesis to be positive we obtain
2n—-12>0

1 1
The equality holds if and only if a = b. Obviously E = (x + y) (E + 5) > 4.

and the last is equivalent with: 2ab+(

Remark: We denote the arithmetic means, the geometric means, the harmonic means,

b 2ab 2+ b2
respectively the square means with: M, = %, M, = \/@, My, = P , M, a4 —2|— .

The inequality from extension 1 is:

<
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4< (Mh+Mp)(jéh +ﬁ) §4—2n+n(%+§>, where n > *.
P

l\:)

1 1 b 1
We will prove that: 4 < (m—&—y)(; + ;) <4- 2n—i—n(g + g), where n > 1

b
1
> 2. for {ay} © (Mo, My, My, M,

Extension 2:
1

4 <(— + \/_> (a Py
Proof (Marin Chirciu).

b:x,\/;:y andE:(a;_b+\/(E)(aLH+\/%).

. We look for an inequality having the form

)<4—2n—|—n(z+g),w1thn2

rlk\'—‘

We denote at

x2+y2
zy
E§k+m(9+9)
b a
by2 —|—ab<2+(%) —|—ab_2+(‘%rb)2—|—ab:
Ve =t e ab

b 2ab
< k—&—n(%—i—f), where the penultimate form vab > %, and the last one is
a a

(a+ b)? n(a® + b?)
< (b— Sl
ab — (k=3)+ ab

& (4n—1)a*+(4k—14)ab+(4n—1)b* > 0, (1). Putting the condition A = 0 we obtain k-+2n = 4
and (1) can be written: < (4n—1)(a*+b*)—(8n—2)ab > 0 < (4n—1)(a—b)?* > 0, true for

1 1
We have E = (x—i—y)(;—i—&) =2+

\+

2 2
ey, G
Yy a

We obtain E = 2+

Ji e
o

(a+b)*

=3
+ 4ab

equivalent with: & (4n—1)(a®+b%) > (4k—14)ab <

1
n > 1 The equality holds if and only if a = b.

O

Extension 3:
a+b 2ab 2 a-+b a b 1
4 < <4-2 — + — ith n > —.
_< 2 +a+b>(a+b+ 2ab)_ n+n(b+a>’W1 n_4

Proof (Marin Chirciu).

2ab
a+b

We have E = (x—|—y)( +- ) =2+

We denote eth

iE (a—H)Jr 2ab)< 2 Jra+b>
= an = .
Y 2 Tato/\are " 2
22 4 2
zy
a+b\2 2ab \2 a+b\2 2ab \2
z? +y? 2+(T +(353) :2+(T) +(313)
zry

b
. We look for an inequality having the form E < k+n(%+g)

We obtain E = 24+————

) a b
< i
a2 ab —k+"(b+a)

2
b\ 2 2ab \2
where the last one is equivalent with: <a—2|— ) +< —T—b> < (k—2)ab+n(a*+b?) =
a

(a+b)* 4 16ab* < (4k — 8)ab(a + b)? + 4n(a® + b*)(a + b)? &
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(4n — 1)a* + (4k 4 8n — 12)a’b + (8% + 8n — 38)ab*+

(1) +(4k + 8n — 12)ab® + (4n — 1)b* > 0

In Horner’s scheme we put the condition that (1) to be double root and we obtain:
16k + 32n — 64 = 0,32k + 64n — 128 = 0, wherefrom k + 2n =4
1t follows that (1) can be written
(a —b)?[(4n — 3)a® + (4k + 16n — 14)ab + (16k + 36n — 65)b°] > 0 <
(a —b)*[(4n — 1)a* + (2n + 2)ab + (4n — 1)b*] > 0

Putting the condition that the right parenthesis to be positive we obtain 4n —1 > 0

The equality holds if and only if a = b.
O

Extension 4:

a<(otl, [+t 2 =2 <a—ong (a+b) ith n >
—ZNn+n\| — — 1 n
= 2 2 a+b \la2+b2)— b al " =

Proof (Marin Chirciu).

\/ +b2—ycde:(a;b—l-\/a2—2~_b2)(aib+1/a21b2).

) x—i—y

NI

We denote

b
We have = (z+y) ( . We look for an inequality having the form E < k—i—n(z a)

2 2 a+b a’+b? + a +b 2 2
+ — 2 +

Ty a+b a2+b2 Ler . Ler o (a+b)2
e 5 2 2

where the penultimate inequality follows from:

2 4 b2 b 2a? + b2
ot > i, and the last one is equivalent to M
2 (a+b)?

(1) na®+ (k+2n —5)ab + (2k + 2n — 6)a®b* + (k + 2n — 5)ab® + nb* > 0

We obtain E = 2—|—

< k+n(%+g>

n(a® + b?)
— <
ab

< (k—3)+

In Horner’s scheme we put the condition that (1) to be double root and we obtain:
4k +8n — 16 = 0,8k + 16n — 32 = 0, wherefrom k + 2n =4
1t follows that (1) can be written
(a—b)2[na® + (k +4n — 5)ab + (4k + 9n — 16)b?] > 0 <
(a —b)*[na® + (2n — 1)ab + nb?] > 0, true for n > i
rPutting the condition that the right parenthesis to be positive we obtain 4n—1 > 0.

The equality holds if and only if a = b.
O

Extension 5:

4§(\/E+ az—cll—bb)(\/t_b—i_ a2:bb) §4—2n+n(%—|—g), with n >

NI
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Proof (Marin Chirciu).

Wedenote\/%:%azﬂ:yandE:(m_i_ 2ab)( 1 +a+b)

+b a+b/\ab  2ab
1 1 24,2
We have E = (z+y)(7+7) =924 Yy
T Yy xy
A , , a b
We look for an inequality having the form E < k + n(g + 7).
a
2 2 ab 4+ (2ab)2 ab + (2ab)2 b )2
We obtain: E = 2+= Ty _ 2+ (a;rcfb) = 2ab (a;;b) =3+ 2317 ; =3+ I _
Ty Vab- 2% atb " atb ) 4ab
b)? b 2ab
=3+ (ath) < k—&-n(g—i-*), where the penultimate inequality follows from Vab > a
4ab b a a+b
b)? 24 p2
and the last one is equivalent with leb) < (k—f’))—i—LJbr) & (4n—1)(a®*+b%) > (4k—14)ab <
a a
(1) & (4n — 1)a® + (4k — 14)ab + (4n — 1)b* > 0

Putting the condition A = 0 we obtain k + 2n =4 and (1) can be written:
(4n —1)(a* +b*) — (8n — 2)ab > 0 & (4n — 1)(a — b)*> > 0, true for

1
n > 1 The equality holds if and only if a = b.

Extension 6:

a? + b? 1 2 a b
4 < (Vabty N <4-2 %10 withn >
_< ab+[ = )( =+ a2+b2>_ n+n(b+a),w1 n>

Proof (Marin Chirciu).

e ) (2 o
— = FE = .
We denote Vab x, \/T y and <\/£+ 9 ) (\/@—1— a2 + b2>

N | =

1 1 2 2
We have E = (z + y)(; + 5) =2+ i :;y . We look for an inequality
b
We look for an inequality having the form E < k + n(% + 5)
We obtain:
22 + 92 ab + “2J2rb2 ab + # ab + “2#2 a® + b2 a b
Yy Vab -/ =F atdb 2
[a? + b2 b 2ab
where the penultimate inequality follows from a4 ;r > a; and Vab > —T—b
a
and the last one is equivalent with:
2 b2 2 b2
(“27:()) < (k—3)+%@(2n—1)(a2+b2)+(2k—6)abzo@
(1) & (2n —1)a® + (2k — 6)ab + (2n — 1)b* > 0

Putting the condition A =0 and we obtain k+2n = 4 the inequality (1) can be written
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(2n — 1)a — b* > 0, true for n > 12
The equality holds if and only if a = b.
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