REGARDING PROBLEM S:L16.284 FROM SGM 11/2016
METHODS OF SOLVING AN INEQUALITY

MARIN CHIRCIU

In Mathematical Gazette Supplement nr. 11/2016 the following problem is pro-
posed:

Let be n € N,n > 2. Prove that for ai,as,...,a, 6(0, \/ﬁ], with
a1 + as + ...a, = n, the following inequality holds:
1 1 1
2 + 2 —+...+ 5
ai+ (ax+az+...+a,) a5+ (a1 +az+...+a,) aZ+ (a1 +az+...+an_1)
Andra - Malina Cardag, student, Botogani
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The article presents a methodical treatment of this problem, descending it first to
three variable, developing then this result and finishing with the developing of the
general case.

Proof.

Case n = 3.

If a,b,¢ > 0 with a + b + ¢ = 3, prove that <1. O

1 1
a?+b+c + b2+c+a + c2+a+b -

Proof Because a + b+ ¢ = 3, we have b+ ¢ = 3 — a and we write the inequality
Ymam <L

In order to obtain this result we look for an inequality having the following form:
< z-a+vy (Tangent Line Method) and we determine = and y such that the

a3 <

attached equation in the variable ”a” to have double root on 1. We obtain z = 71
_ 4

and y = 3.

We have QQ%M < 35% & (a—1)%(3 —a) > 0, obviously from a,b,c > 0 and

a+ b+ ¢ =3, with equality if and only if a = 1.
We obtain 3 L <3450 = 225 =0 =128
The equality holds if and only ifa = b =c=1.

Development.
If a,b,c > 0 with a + b+ ¢ = 3, prove that

1
<
a?+k(b+c) +b2+k(c—|—a) +c2+k(a+b) ~2k+1’

where 1 < k < 2.

Proof. Because a + b+ ¢ = 3, we have b+ ¢ = 3 — a and we write the inequality

Z 1 < 3
a?+k(B—a) = 2k+1

We look for an inequality having the form < z-a+ y and we determine

1
a?+k(3—a)
x and y such that the attached equation the variable ”a” to have double root on 1.
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. _ k—2 _ k+3
We obtain z = Chr1)2 and y = @k+1)2"

We have a2+k1(37a) < k'g:(fl_)f)a & (a—1)? {(k —2)a—k*+5k — 1} > 0, obviously
from a,b,c > 0 with a+b+c= 3 and 1 < k < 2, with equality if and only if a = 1.
We obtain

Z 1 <Zk+3+(k72)a:3(k+3)+(k—2)2a:
a?+k(B—a) ~ (2k +1)2 (2k +1)2
_3(k+3)+(k—-2)3 3
B (2k +1)2 2k +1
The equality holds if and only if a =b=c=1. (I

Solving the general case.
Let be n € N,n > 2. Prove that for ay,as,...,a, >0, with ay +as+...+a, =n,
then
1 1 1
<1

3 +— oot <
ai+ (az+az+...+a,) a5+ (a1 +az+...+ay) a2+ (a1 +as+...+ap-1)

Proof. Because a1 +as+ ...+ a, =n, we have as +az+...+a, =n—a; and we
write the inequality

n
1
Sl
i —aitn
We look an inequality having the form ﬁ < z-a+y, and we determine x and

y such that the attached equation in variable ”a” to have double root on 1.

We obtain = =% and y = 2L,
n n

We have L — < 2120 o (g; — 1)2(n — a;) > 0, obviously from Y ; a; = 1

a?—ayn —
and a; > 0,7 = 1,n, with equality if and only if a; = 1,7 = 1, n.

. n 1 n  nt+l—a; _ nn+l)—n _
‘We obtain ZiZI Aa?—ai-i-n S Zi:1 n2 - n2 =1.

The equality holds if and only if a; = a2 = ... =a, = 1.
O
Observation.
The condition aq,as,...,a, e(O, \/ﬁ} is not necessary. It is sufficient to have
a1,a2,...,0y > 0.
Development.

Let be n € N,n > 2. Prove that for ay,as,...,a, >0, witha; +as+...+a, =n
holds the following inequality:

1 1
a%—&—kz(ag—l—ag—i—...—&—an)Jra%—l—k(al—&—ag—i—...—l—an)
n 1 < n
a2 +k(ar+as+...+an-1) ~ 1+k(n—-1)
where 1 < k < 2.

+...+

Proof. Because a1 +as+ ...+ a, =n, we have as +az+...+a, =n—a; and we
write the inequality

= 1 3
> » < :
~ a; +k(n—a;) ~ 14+k(n—-1)
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We look for an inequality having the form m < z-a+y and we determine
x and y such that the attached equation in variable "a” to have double root on 1.
We obtain

. k-2 iy BT R(—2)
Ttk MY T Tk
We have a?Jrk(lnfa.;) < k""'[f‘;]?(k;jlfif)m A (ai - 1)2 |:(k - 2)al + kn — (k - 1)2 >0,

obviously from Y ;a;, = 1 and a; > 0,4 = 1,n, with inequality if and only if
a; = 1,i = 1, n.

. n 1 n  kn+3—-2k+(2—k)a; n(kn+3—-2k)+(k—2)n __
‘We obtain Zi:l 7af+k(nfai) S Zi:l [+k(n—1)2 S O+k(n—D)]2
= 1+k(nn—1)'
The equality holds if and only if a1 = a2 = ... =a, = 1. O
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