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n n (n +1)
Problem 1: Let ak,(k =12 3,...,n) be real number such that : > a, = —
k=1

2 2
Prove that : z(k ?ak T > n(n +1) .
k1 a, +a, +1 2

( Source : Kunihiko Chikaya from Japan )

My solution
Weknown:2+4+6+..... +2n =n(n +1),WithneN.

0 (k*—1)a, +k*+2k % +8 n>—1la +n”+2n
We have : z( 2) . = — CE — +....+( 2) -
kL a, +a, +1 a, +a,+1 a,+a,+1 a +a +1

(n2 —1)an +n%+2n

We prove that : >-a + 2n,(*). Indeed ,

n

a’+a +1
(*) = (n2 —1)an +n%+2n z(aj +a, +1)(—an +2n)
= (n2 —1)an +n®+2n > -a’ +(2n —1)an2 +(2n —1)an +2n
<a’ —(2n —1)a§ +(n2 —2n)an +n’® 20<:>(an —n)z(an +1)20(True)

(K2 —1)a, +k* + 2%

n nin+1) n(n+1
= - 2(2+4+6+...+2n)—2ak=n(n+1)— ( ): ( )
k1 a, +a, +1 ko1 2 2

Equality occurs when a_ = k,(k = L2,3..,n).
Problem2:Leta,a,...,a be positive real number witha, +a, +...+a =1.
noa
Prove that : ) —*— > n_
ia2-a,  2n-1
(' Source : Srinivas Das )
My solution
2
P 7
Use Cauhcy — Schwarz , we have : 22 Kk — > S o :
GETE ERTR 2y a -Yal 2-Yal
k=1 k=1 k=1
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2
S
And -Y a’ < -~~~
k=1

:—1: akzlnzlzn.
n n 12-a z_zakz 2_& 2n -1
k=1 n
. 1
Equality occurs whena, =a, =....=a_ =—.
n

Solution by Nguyen Viet Hung — Ha Noi — Viet Nam

noa n 2 2n? n
We have : k = -1|>———n= )
;2 Z( J ” 2n -1

-a Sl 2-a B
k k > (2 Xk)
Equality occurswhena, =a, =....=a = nl
My Solution
Considering function : f (a) = 26‘:, Va e [0;1].
We have : f'( ): 2 :>f"(a): 4 >0,Vae[0;1]

2-a) (2-a)

[

a'k 1 n n a n
= f|l | <=f a | k _>nf|=|=

k=1 12-a, n

Equality occurswhena, =a, =....=a = nl

My solution
Considering function : f (a) = 26‘:, Va e [0;1].
We have : f'(a) 2 g "(a) 4 0,Va e [0;1}

§ -a)
f(ij(zz_l)[ijzll

O MO
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f(a,)2f '(EJ(an —1J+f(lj :Lz[an _£J+ 1
n n n (2n _1) n 2n -1

> (2n _1) (Z‘a —1} n 1 o (W|th Za =1)

Equality occurswhena, =a, =....=a =

n

1
.

Problem 3: Let a,,a,,....,a, be positive real number such that [ Ja, =1.

—Zak,( )

My solution
e LI, v 1 R SIP?
Wehave.( )<:>4k2=;ak Z‘l+a >0 = kz;a kz;(l 1+aKJ20

o= Za Z a >0<:>Za +4Z

4= k11+a >3n()

Use AM —GM inequality,a+i=(a+1)+i—122,/(a+1).i—1=4x/z;—lVa>0
a+l a+l a+l
n n 4a 4a
=la + L +la, + Z_ |+...+|a + >4 n
e R e R S DO

Use AM —GM inequality , 4n >4nn : =4n :>4n -n >3n =LHS(1)>RHS (1
208 2l = =42

Problem 4 : Leta,a,,.....a (n > 2) be positive real number .

Hopwomea O

1<i<j<n

Prove that : (Za J(Z

1 a,

My solution

n
The homogeneous inequality , normoliza : Zak =n
k=1
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Let YaZ=n+n (n —1)t2, with t be real number, 0 <t <1.
k=1

2 aa, —(Za J —(gazJ:nz —n—n(n-1)t* =n(n -1)(1-t)

1<i<j<n

Casel:Ift=0

n n n 2
We have : LHS (*):( aKJ(ziJ:n aiz r;.n =nZ.
1

And RHS (*) = (n2—2n +2)+—k
1<i<j <k
= LHS (*) 2 n?* =RHS (*).
Case2:If 0<t <1
" 1 o 1+(n-1)t -a, n

N1
WEhave';ak 1+(n—1)th=1: a, +1+(n—1)t

Use Cauchy — Schwarz inequality:

n

il+(n—l)t—ak> (;[H(n_l)t_akﬂz n(n -1t

k=t % iak +(n —1)tiak —iaf 1-t
k=1

k=1 k=1

1 nn-1) n n(nt-2t+1)

Sa, [1+(n—1)t}(1—t)+1+(n—1)t_[1+(n—1)t}(1—t)
n?(nt -2t +1) N’ —ont? +n? &
[1+(n —1)t}(1—t)_ 1-t2
(**)Qn(nt—Zt+1)>(nt2—2t2+n)
1+(n—1)t N 1+t
Snt?+nt -2nt? —nt +n >n%® =3nt® + 2t +nt? =2t +n% —nt +n
@(n2—3n+2)t3—(n2—3n+2)t2£0<:>t2(n—1)(n—2)(t—1)£0(True)

We need to prove that :

en(nt-2+1)(t +1) > (nt* - 2° +n)(1+(n —1)t)

Problem5: Leta,,a,,...,a_ (n > 2) be positive real number such that > a,_=n .
k=1

With «, g > 0 are real number shrink before : 4c (n —1)(2an\/n_ + ,B) > ,Bzx/n_ .

Prove that : aZ—+ B >na+%

o  [a
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My solution

Let Zakz =N +n (n —1)t2,witht be real number, 0 <t < 1.

k=1

o o 1+(n-1)t-a, na
We have: akzlla__1+(n—1)tkz=1: a, +1+(n—1)t'

Use Cauchy — Schwarz inequality:

n 1+(n—1)t—ak (i[l+(n—l)t—akﬂ n(n —1)t
2 = =
; :

k=1 _
1-t

= & i gak +(n —1)tkn=1 a, -
n N noc(n—l)t s Na _ na(nt—2t +1)
Ga, [Le(n-1t](a-t) 1+(n-1)t [1+(n-1)t](1-1)

nq B . noc(nt—2t+1) B

Sa, S C[a+(n-2)t](a-t) ' Jnn(n-1)tt |

k=1

ne(nt - 2t+1) i(*)
[l+ n 1)t } \/n +n Jn
() ne(n —1)t* ) B(n -1)t?

[l+(n—1)t}(l—t) \/n+n(n—1)t2.(1+,/1+(n—1)t2)
<:>(n —1)(an n+,8)t2—,8(n—2)t+na\/n +n(n—1)t2+an\/_—,320
Considering function :

f(t):(n—l)(an n+,3)t2—,8(n—2)t+na\/n +n(n —1)t2+om\/_—,3.

We need to prove that :

\
o

We have : f(t)ZQ(t):(n —1)(an n +,B)t2—,3(n —2)t+2an\/_—,3.
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Considering function : g(t) = (n —1)(0m n+ ,B)t2 —,B(n —2)t +2an\/_ - BVt e [0;1]
Aln-2)
2(n —1)(m/ﬁa+ﬁ)
p(n-2f 4a(n —1)(2an\/n_+ﬁ)—ﬁ2\/ﬁ
4(n—1)(n\/n_a+,3)_ 4(n—1)(n\/ﬁa+ﬁ)

= f(t)=g(t) =Ming(t) > 0. Equality occurs when a, =a, =....=a, =1.

Three quadractic formala g (t ) reaches the minimum value when t =

= Ming(t) =2an<n - § - >0

Problem 6: Let a,,a,,...,a_ (n > 3) be real number .

Prove that : (ia J < z
k=1

Ill|+J 1IJ

(China MO )

Solution

n YRy
We have : |]Z:1i+1 1alaj—z:laa t‘zdt I(Zlaat 1”} :.([(Iait 1) dt

i.j=1 ij=1

Use Cauchy — Schwarz inequality :

Lo - 2 Ll - n Ij
{(;Iait 1} dt 2[;[(;|ait 1JdtJ [Za} :>kz Sij—li y _1aiaj.
Problem?7: Leta,a,,....a >0 andb,b,...b >0.
Prove that : (‘a —a‘ ‘bi —b. ‘) > ‘a —a‘

1<i<j<n 1<i<j<n

( Poland — 1999)

Solution
Considering function : f,g. : [0; +oo) Ny

. 1if x 0,a, 1if x 0,b.
Wlthf‘(x)z{Oifxigi ]andg() {Olfxig }

n

Let f (x) =>f (x) and g(x) :,Z:gj (x)

i=1
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We have : Tf (x)g(x)dx :T(];SJ f (x)gj (x) X :];Sjtffi (x)gj (x)dx = > min (ai —bj)

I<i<j<n
Similarly, +ffz(x)dx = > min (ai —aj) and ng(x)dx = > min (bi —bj)
0 1<i<j<n 0 1<i<j<n
We have: ) min(ai —aj)+ > min(bi —b.)22 > min(ai,bj)
1<i<j<n 1<i<j<n 1<i<j<n
We known : 2min (x,y) =X +y —‘x —y‘ (‘a -a, ‘bi —bj‘) ‘a ~a ‘
1<i<j<n 1<i<j<n

Problem 8 : Let a,a,,....,a be positive real number such that z ‘1 aa. ‘ Z ‘a —a ‘

1<i,j<n 1<i,j<n

Prove that : Zai =n

( Source : Gabriel Dospinescu )

My solution
We have lemma: > min (alaJ blbj) > min (albJ blaj) va,b >0i=12..,n. (*)
1<i,j<n 1<i,j<n
Use lemma (*)With b=1= Y (ai,aj)z > (1—ai,aj) (**)
1<i,j<n 1<i,j<n

Use 2min( ):u +v—‘u r

(**)cZnZa—Z‘a ~a|>n’ +(Za} > [t-aa ( a‘”TSO@iai:”

I<i,j<n I<i,j<n

Problem 9: Leta,,a,,...,a_ (n > 2) be real number such that > a, =1.
k=1
n X n
Prove that : )_ < >

> .
k=1 Xk+1 - Xk+1 n“-1

( China South East MO 2014 )

Solution

IV

1
=

Use Cauchy - Schwarz inequality n ) a? > (Za J =
k=1

7
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n a n a E
Use AM —GM inequality : » ——*——>n {H k J - n

3
k=1 % 1~ % k=1 @

k+1 ak+1

n
1 2 2
E (1—ak) n—kzllak ,

Problem 10: Let a ,a,,...,a b >
(P0|ISh MO)
Solution
1
aat'+J “dt = aat'+J -
|+J '([ |11_1|+J |jz_10 I(I;l J

2
n i1
Besides we have : ( J aaxx, = ) aa t = (Zait ZJ
i=1 i,j=1 i=1

[ |
i,j=1

n n a_aj 1/ n - 1/ n i 2 -0
—L = aat'” = at :
=50 [ Boaw o [Sar o



