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Abstract

There are a lot of distinct ways to prove inequalities. This paper mentions a simple and
useful technique in proving inequalities through problems.

1 Basic knowledge

A number « is called a root of the polynomial f(x) of multiplicity k& (k > 2,k € N) if the
following conditions are satisfied

(i) f(x) is divisible by (z — a)k,

(i) f(z) is not divisible by (z — a)*+1,

kg(z), where g(z) is not divisible

In the other words f(z) may be written in form f(z) = (z — )
by = — a.
In the particular case if «v is a root of f(z) of multiplicity 2, we say that f(z) has a double

root z = a. We have the following result

Theorem 1. The necessary and sufficient condition so that « is a root of f(x) of multiplicity

k as follows

{f@(a):o, vie{0,1,...,k—1},

F¥(a) #0,
() = 1) vati - ' on FO(z) =
where f"(x) = (do)’ is the derivative of degree i of f(x) with convention f\V(z) = f(x).
x
2 Examples
Example 1. Prove that the following inequality holds for all positive real numbers a, b, ¢
a? n b n 3 a+b+ec
a?4ab+2b%  b2+bc+2c2 2+ca+2a® T 4

Analysis. Firstly we guess the equality holds when a = b = ¢. We want to find a result in

form as follows

a3

v b,
@2 L ab o2 o metn

This inequality is equivalent to
3 2 2
a’ > (ma + nb)(a” + ab + 2b7),

or
(1 —m)a® — (m + n)a®b — (2m + n)ab® — 2nb> > 0.
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Consider the polynomial f(a) = (1 —m)a® — (m +n)a?b — (2m + n)ab® — 2nb>. We will find two
real numbers m,n for which a = b is a double root of f(a). This happens when

f(b)y=0 - (1 —=m)b3 — (m+n)b® — (2m +n)b® — 2nd® =0
0 3(1 —m)b? — 2(m +n)b? — (2m +n)b? =0

{4’m—|—4n—1 {m—9/16,
<~ =

"m+3n =3 n = —5/16.

Thus we give the solution as follows
Solution. We will show that
ad 9a — 5b
a?+ab+2b2 - 16

Indeed, this inequality is equivalent to

(a — b)*(7a + 10b)

>0
16(a? + ab + 2b%) —

which is clearly. Similarly, we have

b3 9b — 5¢ 3 9c — ba
) > .
b2 +bc+2c2 — 16 c? + ca + 2a? 16
Summing up these relations we obtain
a’ . b3 . & 9a—5b+9b—50+90—5a
a24+ab+2b2  b24+bc+2¢2  c24+ca+2a2 T 16 16 16

a+b+ec
—

The proof is complete. ]
Example 2. Let a, b, c be positive real numbers. Prove that

5a% —ab®  5b3 —bc? 53 — ca?
+ +
a—+b b+c c+a

> 2(a® + 0% + ).

Analysis. We observe that the equality occurs when a = b = ¢. Hence we want to find a

result in form as follows

3 12
uZmaz—i-nb2
a+b

which is equivalent to
(5 —m)a® — ma®b — (1 +n)ab® — nb® > 0.

Consider the polynomial f(a) = (5—m)a® —ma?b— (14+n)ab® —nb®. Two real numbers m, n need
to be chosen for which f(a) receives a = b as a double root. This happens if f(b) = f'(b) = 0,
i.e. m,n are roots of the system of equations

{(5—m>—m—<1+n>—n=o @{m:,
3b—m)—2m—(1+n)=0

So we have the following solution
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Solution. We will prove that
3_ 72
Sat—abt s g2
a+b
Indeed, this result is equivalent to

(a — b)%(2a + b)

>0
a+b -
which is obviously true. Similarly we also have
3 _ 1.2 3_ .2
BT b g2 BT 2 2
b+c ct+a
Therefore
5a3 —ab®  5b% —bc?  5cd — ca? 9
> (3a% — b?) + (30% — ) + (3¢* — a?
a+b b+c c+ta Z (3a )+ )+ @ —a’)
= 2(a* + 0% + %)
and we are done. O

Example 3. Let a, b, c be positive real numbers such that a + b + ¢ = 9. Prove that

a4+ P+ c3+a3>9
ab—+9 bc+9 ca+9 — 7

Analysis. We noticed that when a = b = ¢ = 3 the equality holds. Thus we need to find a
result in form

a® + b3

ab+9

>m(a+0b)+n

which is equivalent to
a® + % — (ab + 9)(m(a +b) +n) > 0.

Consider the polynomial f(a) = a®+b% — (ab+9)(m(a+b) +n). We must find two real numbers
m,n so that f(a) receives a = b = 3 as a double root. This occurs if f(b) = f'(b) = 0, where
f(a) = 3a% — b(m(a+b) +n) — m(ab+9). Le. we have

263 — (b2 + 9)(2mb + n) = 0,
36 — b(2mb +n) —m(b* +9) = 0.

From this system, choosing b = 3 we get

{54—18(6m+n):0, @{mzl,
27— 3(6m +n) — 18m =0, n=-3
This analysis leads us to a solution below
Solution. We will show that B
ab+92a~l—b—3 (1)

Indeed, we have
a® + b - 4(a® +b3) - (a+b)3
ab+9 ~ (a+b0)2+36 ~ (a+b)%+36

Thus we only need to prove

(a+b)°
v > bh—
(a+b)2+36_a+ 5

3
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(a+b)3>(a+b—3)((a+b)?+36),

or
(a+b—6)*>0

which is trivially true. So (1) has been proved. Similar as above, we also have

b+ c3
>b - 3. 2
bc+9 e (2)
A+a?
> - 3. 3
ca+9 — cta 3)
Summing up (1), (2) and (3) side by side we get the desired inequality. O

Example 4 (Moldova, 2005). Let a,b,c be positive real numbers such that a* + b* 4 ¢* = 3.
Prove that

N SR B
4—ab 4—bc 4—ca”

Analysis. We hope that there exists a result with the following form

1 2
<
PR m(ab)* + n,

or
m(ab)® — 4m(ab)® + n(ab) —4n +1 < 0.

Consider the polynomial f(t) = mt3 — 4mt? + nt — 4n + 1 (with t = ab). We want to find the
numbers m,n so that f(t) receives t = 1 as a double root. This happens if f(1) = f’(1) = 0.
That is
m—4m-+n—4n+1=0, - m = 1/18,
3m —8m+n=0, n=>5/18.
Solution. We will show that
1 (ab)®> +5
4—ab— 18

Indeed, this inequality may be rewritten as

(ab)® — 4(ab)? + 5(ab) — 2 <0,

(ab—1)%*(ab—2) < 0.

This result is true because

3—a4—|—b4+c4>a4+b422(ab)2:¥ab<\/§<2.

Thus (4) has been proved. Similarly we also have

1 (be)? +5
4—bc— 18

1 < (ca)? + 5.
- 18




HSGS Hanoi Nguyen Viet Hung

Adding up the relations (4), (5) and (6) we obtain

1 N 1 N 1 S(ab)2+(bc)2+(ca)2+15
4—ab 4—bc 4—ca 18
<a4+b4+c4—|—15
- 18
=1

as desired. O

Example 5. Let a, b, ¢ be positive real numbers such that ab® + be? + ca®? = 3. Prove that

2a° + 3b° N 20° + 3¢° N 2¢° + 3ad
ab be ca

> 15(a® + 0> + ¢ — 2).

Analysis. By the given condition, we can guess that

2a° + 30°

> ma® + nab® + pb°.
ab

This inequality is equivalent to
2a° + 3b° — ab(ma® + nab?® + pb*) > 0.
Consider the polynomial of degree 5 below
f(a) = 2a° + 3b° — ab(ma® + nab® 4 pb?).

We have
f'(a) = 10a* — 4mab — 2nab® — pb?,
f"(a) = 40a® — 12ma®b — 2nb>,
" (a) = 120a* — 24mab.

We have to find the numbers m, n, p so that f(a) receives a = b as a root of multiplicity 4. This
occurs when f(b) = f'(b) = f”(b) = f”(b) = 0. That is

50° — b%(mb3 + nb3 + pb3) = 0, m+n+p=>5, -
m = o,
106% — 4mb* — 2nb* — pb* = 0, 4m + 2n + p = 10,
VRN < s n=—10,
4063 — 12mb® — 2nb® = 0, 12m + 2n = 40,
p = 10.
1206% — 24mb* = 0, m =5,

This analysis leads us to the following solution

Solution. We will show that

2a° + 3b°

> 5a° — 10ab® + 10b°.
ab

Indeed, this result is equivalent to (a — b)*(2a + 3b) > 0 which is clearly true. Similarly

20° + 3¢°

> 563 — 10bc? + 10¢°,
be

and
2¢° + 3a®
ca

> 5¢3 — 10ca® + 10a°.
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Adding up these relations we obtain

2a° + 3%  20° +3¢° 265 + 3dP
+ +

o o o > 15(a® + b® + ¢3) — 10(ab?® + bc? + ca?)

=15(a® + 0% 4+ ¢* — 2).
The proof is complete. ]

Example 6. Prove that for all positive real numbers a, b, c

4a® 4+ 563 — 3a%b + 10ab®> 463 + 5¢3 — 3b%¢c + 10bc® 4¢3 + 5a? — 3c?a + 10ca?
- -
3a+b 3b+c 3c+a
> 5(a? +b* + %) — (ab + be + ca).

Analysis. We believe that there exists a correct result in form

4a3 4 5b% — 3a2b + 10ab?
a’+5 3a”b + 10a > ma® + nb? — ab
3a+b

This is rewritten as
fla)=(4—- 3m)a3 — ma®b + (11— 3n)ab2 + (5 — n)b® > 0.

We want to choose m, n for which f(a) receives a = b as a double root. That is f(b) = f'(b) =0,
m-+n =25, m =1,
= =
11m + 3n = 23, n = 4.
Solution. We will check that

4a® + 563 — 3a%b + 10ab?
3a+0b

> a? +4b* — ab.
Indeed, this inequality is equivalent to
a® —a’b—ab® + b > 0,
& (a—0b)*(a+b)>0
which is trivially true. Similarly

4h% + 5¢3 — 3b%c + 10bc?

> b2 +4c? — b
3b+c = b7+ dc “

4¢3 + 5a® — 3c%a + 10ca?®
3c+a
Adding up these relations we get the required inequality. O

> &+ 4a® — ca.

Example 7 (Crux). Let a,b,c be positive real numbers such that a? + b? + ¢ = 1. Find the

minimum value of
a b c

FE = .
b2+c2+c2+a2+a2+b2
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Analysis. We guess that ' minimizes at a = b = ¢ = % and we want to find a common

form of inequalities as follows

a = a >ma2+n
R+c2 1—a2~

which is rewritten as
a> (1—a%(ma®+n)

or
f(a) =ma* — (m —n)a®+a—n>0.

The numbers m,n need to choose so that a = % is a double root of f(a). Namely f(%) =

F'(5) =0,

n=0.

2m + 6n = 3v/3, m = 3Y3,
= =
2m — 6n = 33,

Thus we go to the following solution

Solution. Firstly we will show that

a > 3\/§a2.

1—a2 ~ 2

Indeed this is equivalent to
3v3a® —3vV3a+2>0

or

(V3a—1)2(V3a+2) >0

which is clearly true. Similarly

b 3\/§b27 c 3\/38.
1-02~ 2 1—c2 = 2
Hence 3 /3
3vV3 3vV3
E>""(® 4+ + %) =",
2 2
Thus we conclude that min ¥ = %, khia=b=c= % O

Example 8 (Crux). Let a,b, ¢ be positive real numbers such that

LN SR S
a+1 b+1 ec+1

P that
rove tha 1 N 1 N 1 N
da+1 4b+1  4de+1

1.

Analysis. We want to find two numbers m,n so that the following inequality holds

1 m
da+1 " a+1

+n

or
4na® + (4m+5n —a+m+n—1<0.
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Let f(a) = 4na® + (4m + 5n — 1)a + m +n — 1. Note that if a = b = ¢ = 1/2 the equality
holds. So we must choose m,n so that a = 1/2 is a double root of f(a). This happens if
f(1/2) = f'(1/2) = 0. That is

{n—I—A‘m*'zsn_l—l—m+n—1:0, {mzl,
~

dn+4m+5n—1=0, n=-—1.

This analysis gives us a solution below

Solution. We will check that 1 1 1
> _

da+1 " a+1 3

Indeed, this inequality is equivalent to

(2a —1)>>0
which is obviously true. Similarly
1 1 1 1 1 1
> — > _z
4b+1 " b+1 3" 4c+1 " c+1 3
Summing up these relations we get
1 . 1 . 1 < 1 n 1 . 1 B
4da+1 4b+1 4e+1 " a+1 b+1 c+1 =~
The proof is complete. ]
Remark 1. We have a more general result as follows: If a; > 0 (i = 1,2,...,n) satisfy
! + = +F ! 1
e =7 —
a;+1 as +1 a, +1
th
o N SRS B
da1+1  4das +1 dap,+1— 3

Example 9 (Japan 1997). Prove that the following inequality holds for all a,b,¢ > 0

(b+c—a)? (ct+a—0)% (a+b)?—c?
b+e)2+a®  (c+a)?+b> (a+b)?+c

3
> —.
5
Solution. Because the inequality is homogeneous, hence without loss of generality, we can assume
that (normalization) a + b + ¢ = 3. Then the desired inequality reduces to

(3 — 2a)? (3 — 2b)? (3 —2c)?
202 —6a+9  202—-6b+9  2¢2—6¢c+9

3
> —,
-5
We want to find an inequality having the following type

(3 — 2a)?
_ >
%2 _6a+9 = maeT™

f(a) = (3 —2a)® — (ma+n)(2a®> — 6a +9) > 0.
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The polynomial of degree three f(a) receives a = 1 as a double root, the following conditions
have to be satisfied f(1) = f'(1) = 0. Le.

1-5(m+n)=0, - m = —18/25,
3m—2n+4=0, n = 23/25.
So we will check that

(3 —2a)? _ —18a+23
202 —6a+9 25 '

This result is equivalent to
(a—1)22a+1)>0

which is trivially true. Similarly

(3 —2b)? ., —18b+23
202 —6b+9 — 25

(3 —2¢)? . —18c+23
2¢2 —6¢c+9 — 25 '

These imply

(3 — 2a)? (3 — 2b)? (3 —2c)? —18(a+b+c)+69 3
+ + > =
202 —6a+9 262 —-6b+9 2c2—6c+9 25 5

and we are done. O

Example 10. Let a, b, ¢ be non-negative real numbers such that a+b+c = 3. Find the maximum
and minimum value of

E=Va2+a+4+ VR +b+4+VE+c+4

)

Analysis. We guess that the minimum value happens at the ”center,” i.e. ata =b=c=1.

Therefore we will find two numbers m, n for which

vVat+a+4>ma+n.

We need the following system of equations (these are conditions to two graphs tangent each
other)

Va2 +a+4=ma-+n,

2a+1

2va2+a+4 =m
satisfied when a = 1. By this way we find m = @, n= %.

Similar as above we also believe that the maximum value happens at the ”boundary,” i.e.
at (a,b,c¢) = (3,0,0) and its permutions. Therefore, maybe the common inequality will be as

vat+a+4<aa+p

where «, 8 are two numbers that we have to find so that the equality holds when ¢ = 3 and
a = 0. By this way we obtain @ = 2/3 and 8 = 2. And we go to the following solution
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Solution. (a) Find the minimum value: Firstly we will show that

\/a2+a+4>\4[ 3\[

4

In deed, this result is equivalent to (a — 1)® > 0 which is obviously. Similarly

\/b2+b+4>£b+i V2 +e +4>£ +£

4

Therefore

EZT(a—Fb—Fc)—i—

Thus min £ = 3v6, khia=b=c=1.

V6 9v6
o= 3v6.

(b) Find the maximum value: We will check that

2
\/a2+a+4§§a+2.

This inequality is equivalent to a(a — 3) < 0 which is true because 0 < a < 3. Similarly

2 2
\/b2+b+4§§b+2, \/C2+c+4§§c—|—2.

Thus

2
Eﬁg(a+b+c)+6:8.

So max E = 8, when (a,b,c) = (3,0,0) and its permutions.

Example 11. Let a, b, ¢ be positive real numbers such that a? + b> 4+ ¢ = 3. Prove that

1 n 1 n 1
2—a 2-b 2-c¢

> 3.

Solution. By the similar way as above, we need to check the following inequality

1 >a2+1.
2—a 2

But this result is equivalent to a(a — 1)? > 0, which is trivial. We also have similar relations

1 b +1 1 A+1
2-b= 2 7 2—¢ 2

Hence

as desired. O

Example 12 (Mathematics and Youth magazine). Let a, b, ¢ be positive real numbers such that
a+ b+ c=1. Prove that

10\°
1+a*)(1+0})(1+c) > (Q) .

10
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Solution. The required inequality is equivalent to
(1 4+ a2) + In(1+ %) + In(1 + ¢2) > 31n %
Now we find again two numbers «, 8 for which
In(1+ a?) > aa + S.

Note that the equality holds when a = b = ¢ = 1/3, hence we want two graphs of the functions
f(a) =In(1 + a?) and g(a) = aa + (3 are tangent each other at point a = 1/3. This means that

{f(1/3) =9(1/3) {1n190 =548 {a:3/5’
f1(1/3) =¢'(1/3) 3/5=a B=mi 1

5
So we will go to proving

3 10 1
In(l+a?) > "> +In——— 7
n(l+ad) > Ly - 7)
Indeed, we consider the function

3a 10 1

h(a) =In(1+a?) — — —In— +

(a) =In(1+ a”) g D3 + 3
with a € [0,1]. We have h/(a) = 1_2;;2 -3 = %. The equation h/(a) = 0 has a root

a = 1/3 € [0,1]. By establishing a table of increase and decrease of the function h(a) in the
interval [0, 1], we easily see that h(a) > h(1/3) = 0. So we conclude that (7) is true. Similar as
above we also have

3b 10 1
In(1+b)>=4+In— — - 8
D8 > 2 ) - 0
3c 10 1
In(l+c23)> "= +ln—— =
n(+c)_5+n9 g 9)
Adding up (7), (8) and (9) we get the desired result. The proof is complete. O
Remark 2. We have a more general result as follows: For x1,xs,...,x, > 0 satisfy x1 + x5 +

-+ 4+ x, =1 then
1 n
1+2)(1423)---(1+22)> <1+n2> .

Finally, we give a few problems for reader’s practice

3 Proposed problems
1. Let a, b, ¢, d be real numbers such that a® 4+ b? + ¢ + d? = 4. Prove that
ad + 03+ 34 d <8

2. Let x,y,z <1 be real numbers such that x +y + z = 1. Prove that

1 n 1 n 1 <27
1+22  1+9y2 142210

3. (Poland 1996) Let a,b,c > —3 be real numbers such that a + b+ ¢ = 1. Prove that
a b c . 9

a2+1+b2+1+c2+1—10

11



HSGS Hanoi Nguyen Viet Hung

4.

10.

11.

12.

13.

(USA 2003) Prove that the following inequality holds for all positive real numbers a, b,

(2a+b+c)?  (2b+c+a)®  (2c+a+b)? <3
22+ (b+c¢)2 22+ (c+a)? 22+ (a+b)2

. (China 2006) Let a,b, ¢ be positive real numbers such that a + b+ ¢ = 3. Prove that

a*+9 N b +9 N 49 o
202+ (b+c¢)?2 202+ (c+a)?2 22+ (a+b)2 ~

. (France 2007) Let a, b, ¢, d be positive real numbers such that a+ b+ c+d = 1. Prove that

1
6(a3+b3+c3+d3)2a2+b2+c2+d2+§.

Let a, b, ¢ be positive real numbers such that a + b + ¢ = 3. Prove that

1 1 1
<1.
a2+b+c+b2+c+a+02+a+b_

. Let a, b, ¢ be positive real numbers such that a? 4+ b> + ¢ = 3. Find the minimum value of

1 1 1
E—3(a+b+c)—|—2<++>.
a b ¢

. Prove that for all positive real numbers a, b, c,

363+ 70 3P+ 73 33+ 7aP

b+b > 3(a? + b2 + &2).
513 T obg3c T ocrse T tbetcazd(@ b4

(Crux) Let a, b, ¢ be positive real numbers such that a? 4+ b% + ¢ = 1. Prove that
1 1 1
a+btct -+ +->4V3
a b c

(Mathematics and Youth magazine) Let x,y, z be positive real numbers such that =+ 2y +
3z = %. Find the maximum value of

C232y° — 2% 7832% —8yd 2923 — 2723
© 2xy +24y?  6yz + 5422 3zx + 622

(Crux) Let a,b,c > 1 be real numbers such that

1 1 1

=1.
a2—1+b2—1+02—1
P that
rove tha 1 N ) N 1 _,
a+1 b+1 c¢4+1~ 7
Let a, b, c,d, e be positive real numbers such that
1 4 1 n 1 N 1 . -
44+a 44b 4+c 44+4d 4d+e
Prove that
a b c d e
+ <1.

4+a2+4+b2+4+02+4+d2 442 —

12
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14. Prove that for all positive real numbers a, b, ¢

a4+ B+S A+dd -

2 2 2 2
z b .
a1 2 T b1 T oroa 23@ H )

15. Let a, b, ¢ be non-negative real numbers such that a + b + ¢ = 3. Prove that
(@*+a+ 1) +b+1)(c* +c+1) <2T.
16. Let a, b, ¢ be non-negative real numbers such that a + b+ ¢ = 3. Prove that
3 a3—|-4+ 3 b3+4+ 3 Cd—|—4 23
a’+4 b2 +4 ?+4

17. Let a, b, ¢ be non-negative real numbers such that a® + b? 4+ ¢ = 12. Prove that

3 3 3
a +1+b +1+c +1§g.
a2+2 b24+2 24272
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