TRIGONOMETRIC SUBSTITUTIONS

DANIEL SITARU

ABSTRACT. In the following we will use trigonometric substitutions for solving
some equations and for the calculus of the general term of some series.

1. Solve the following equation:
23 =3z +a(l —32%) =0;acR
Proof.

xeR:Hbe(—ﬂ T

5,5);33 =tanb

3tanb — tan® b

a(l —3tan?b) = 3tanb — tan®*b = a = T 3tan?b

1 k
a:tan3b:>3b:arctana+k7r;k€Zéb:garctanaJr%;k‘EZ

1 k
T =tanb = tan(g arctana + %),k € {-2,0,2}

If a = 1 the equation: z® — 322 — 32 + 1 = 0 has the solutions:

k 7
T = tan(% + ?ﬂ),kz €{-2,0,2}, 21 = tanl%;a:g = tan%;xg = tan( — Zﬂ)

If a = 2 the equation: z® — 622 — 32 + 2 = 0 has the solutions:

Tr = tam(1 arctan 2 + k—ﬂ)
B 3 3

1 1 27 1 2w
ke {-2,0,2}, 21 = tan(f arctanQ);J;g = tan(f arctan 2—1——);363 = tan(f arctanQ——)
3 3 3 3 3
O
2. Solve the following equation:
4a® — 4z +a(z* — 62 +1)=0;a €R
Proof.
reR=3b 6(— g,g);x = tanb;a(tan?b — 6tan® b+ 1) = 4tanb — 4 tan® b

4tandb — 4tan® b N candb = b 1 . . (1 . +k7r) keZ
a= a = tan = —arctana; x = tan( — arctan a+— );
tan® b — 6 tan® +1 4 ' 4 4 )’

If a = 1 the equation z* + 423 — 622 — 42 + 1 = 0 has the solutions:

x *tanl'x *tanfﬂ':ﬂ *tan(fg—)'x *tang—
1 — 16’27 16’37 y L4 —
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3. Find the formula of the general term of the series given by the
relationships:
v =aja € [~1,1], 204 =222 —1;n >1

Proof.
x1 =a€[-1,1] = (I)b € [0,27];a = cosb; b = arccos a
zy =227 — 1 =2cos?b— 1 = cos(2b); 3 = 225 — 1 = 2cos?(2b) — 1 = cos(2%b)
x4 =23 — 1 = 2cos?(2%b) — 1 = cos(2°b).
Through induction we can prove that:
T, = cos(2"'b) = cos(2" ! arccos a)
d
4. Find the formula of the general term of the series given by the
relationships:
r1=a;a €[, 1)z, =1—222;n>1
Ty =1—227 =1—2cos’b = cos(2b);x3 = 1 — 223 = 1 — 2 cos?(2b) = cos(2%b)
x4 =1—22% =1 —2cos*(2%b) = cos(2°h)
Through induction we can prove that:
x, = cos(2"1b) = cos(2" ! arcsin a)
5. Find the formula of the general term of the series given by the rela-

tionships:
x1 =a;a € [-1,1];2p41 = 2, (3 — 417%);71 >1

Proof.
z1=a€[-1,1] = ()b € [0,27];a = sinb; b = arcsina
Ty = x1(3 — 42%) = sinb(3 — 4sin? b) = sin(3b)
T3 = x9(3 — 4x3) = sin 3b(3 — 4sin® 3b) = sin(3%h)
24 = 23(3 — 4a2) = sin(32b) (2 - 4sin4(32b)> = sin(3%b)
Through induction we can prove that:
T, = cos(3"1h) = cos(3" ! arccos a)
O
6. Find the formula of the general term of the series given by the
relationships:
1 =aja € [-1,1];2,41 = 2, (422 —3);n > 1
Proof.
r1 =a;a € [—1,1] = ()b € [0,27];a = cos b; b = arccosa
Ty = x1 (423 — 3) = cosb(4 cos? b — 3) = cos(3b)
x3 = xo(422 — 3) = cos 3b(4 cos® 3b — 3) = cos(3%b)
Through induction we can prove that:

T, = cos(3"1h) = cos(3" ! arccos a)
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7. Find the formula of the general term of the series given by the
relationships:

22,
r1=aa € Rjwpy = ﬁ;nz 1
Proof.
r1=a€[-1,1= 3 E(— g,g);a:tanb;b:arctana
2 2tanb 2 2tan(2b
T i e _ tan(2b); x3 = 2 an(2b) = tan(2%b)

T 1-22  1-tan®b
Through induction we can prove that:

z, = tan(2"'b) = tan(2" ! arctan a)

1—23 11— tan?(2b)

d

8. Find the formula of the general term of the series given by the
relationships:

3z, — a3
— - . — n. >
z1=a;0 € Ryjz,11 1_31‘%7”7
Proof.
T om
r1=a€[-1,1= 3 E(— §,§>;a = tanb; b = arctana
3r1 — a3  3tanb—tan®b 3xy — 3 3tan(3b) — tan3(3b) 9
2T R 1—3tan?b an(3b); s 1 — 322 1 — 3tan?(3b) an(3°0)

Through induction we prove that:

z, = tan(3"'b) = tan(3" ! arctan a)
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