ELEMENTARY PROBLEMS TREATED NON-ELEMENTARY

DANIEL SITARU

ABSTRACT. Without entering into details regarding Fermat’s theorem for func-
tions having multiple variables, the theorem of bilinear forms and Fubini’s for-
mula for calculus of double and triple integrals we can consider known their
results and we can apply them to the class or to the circle of pupils to the
following types of problems:

Problem 1:
Find the minimum of the expression:

E(z,y) =2®+y*> — 2z — 4y +10;2,y €R

Proof.
E. =2x-2 E. =0 x=1
E =24 \E =0 _ |y=2
min B(x,y) = F(1,2)=14+4-2-84+10=5
2 0
A1 =2>0;A2=4>0= (1,2) minimum point
Problem 2

Find the minimum of the expression:

E(z,y,2) =22 +y* + 2% — 20 — 4y + 62 + 30

Proof.
E. =2x-2 E. =0 x=1
E,=2y—4 {E, =0 ;qy=2
E,=22+6 E. =0 2 =-3

Y, = 2;Egy =0;E/, =0
E;jx = 0; E;@ =2; E;’Z =0
El, =0;E!, =0;E%> =2

A1 =2>0A=4>0;A3=8>0
(1,2, —3) minimum point
min E(x,y,z) = E(1,2,-3) = 16
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Problem 3
For which value m > 0, the area of the set:

6
A :{(sc,y)‘m <z<2m0<y<z-+ —2}
T
is minimum? Find the minimum of the area.

Proof. Let be f:(0,00) = R;

mmmwm//mwﬁf([ﬂzgmﬁf+;

9
f'(m)=0=m=1= min(4) = f(1) = 3
O
Problem 4
Prove that the volume of the cube having the side "a” is V = a3.
Proof. Let be C(x,y,2) = {(z,4,2)|[0 <2 <a,0<y <a,0<2z<a}.
:///dxdydz:/ / /dz dy dx:/ /ady dx =
0 0 0 0 0
a
:/ a’de = a®
0
|
Problem 5
Prove that the volume of the cuboid having the sides a,b,c is V = abc.
Proof. Let be PD(x,y,z) = {(z,y,2)[0 <z <a,0<y<b0<2z2<¢}
a b
///dxdydz— (/ < dz)dy)dx:/ (/ cdy)dx:
0 0
/ bedx = abe
O
Problem 6
Prove that the volume of regular rectangular prism having the base side "a” and

the height ”h” is V = a?h.

Proof. Let be P(z,y,2) = {(z,9,2)|0 <2 <a,0<y<a,0<z<h}

V:///M@@:A(A(Augw>mzﬁxé%wym:
— /Oaahdx =a’h
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Problem 7
Prove that the lateral area and the volume of the right circular cylinder having the
radius "r” and height ”h” are given by the formulas:

Ay =2mrg; V = nr?h

Proof.

f:10,h] = R; f(x) =73 f'(z) =0
h h ,
Vi = 7r/0 f(x)dx = ’R'/O r?de = ; = nr?h

h h
Af:2ﬂ'/0 f(x)\/1+f’2(x)dx:27r/0 rvV 1+ 02dz = 27re

h
= 2mrh = 2nrg
0

O

Problem 8
Prove that the lateral area and the volume of the right circular cone having the

”

radius "r”, ”h”, generator ”¢” are given by the formulas:
nr2h

Ay =mrg;V = 3

Proof.

y A(h,r)

=]
X
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:0;OA:ya—xT:O;OA:y:%x;f:[O,h]—)]R;f(x):%x

Q
N
> o8
S ow
—

r r? h2? + 12 2
f/(x)zﬁ;lJrflz(x):lJrﬁ:T:%

h h 2.2 2 3 h 2 h3 2h
Vf:ﬂ'/ f2($)dx:7r/rxdzﬂ.%‘ e on
0 0

Rz T R o n? 3
h hop g2 2r g x|k
Af:27r/ f(x)\/1+f’2xdx:27r/ — A/ mde=—-=-—| =7rg
; o h Va2 o h 2
O

Problem 9
Prove that the lateral area and the volume of the circular truncated cone having
the radii ”R”, r”, height "h”, generator ”¢” are given by the formulas:

h
A =rmg(R+7)V = %(32 +72 + Rr)

Proof.
y B(h,1)
A(0,1) i
" x
z y 1
AB:|0 r 1/=0
h R 1
R—r
AB:axr+yh—hr— Rx=0;AB:yh=x(R—7r)+hr;AB :y = h T+
R—r R—r ) (Rfr)z g2
f[0,h] = R; f(z) = 3 $+T;f/(x):T;1+f/(I):lJrT:ﬁ
h h
R—7\2 2(R—r)r
_ 2 o o 2(R—1)r 2|

R—1)? 23 h 2n(R— 2\h R—7)h
:ﬂ-%.%‘o_kw.%‘o_kﬂ-r?ﬂg:ﬂ-( 3T) +7(R—r)rh+nr?h
h h
:%(thmwugmwr?mr?):%(R%Rrw?)

Af:2W/Ohf(x)\/mdx:2w/oh<}%h_rx+r)~@dmz
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_ 2%"(3;7“.%2 Z+m‘2) - %TQ(R;T.%ZJFM) - 2wh($+r) = mg(R+7)

Problem 10
Prove that the area and the volume of the sphere having the radius ” R” are given
by the formulas:

4 3
A=47R%V = ﬁ
Proof.
Yy
(-r,0) o (r,0)
2
ST . A S T VR YR
f[ T,T’]‘)R,f(l’)f r xaf(x)*ma]fkf (x)77"2—.’132
r T 3
Vi=m f(x)dx = 7r/ (r? — 2?)dx = nrix ' —77% =
2 473
=nari(r+r) — %(rg - (—T)3> = 2713 — gr?’ = ﬂ;

tr=r [ oVIF @ = [ VAR

= 27rx T 2mr (T - (—T)) = 4nr?
o _
Problem 11
Prove that the length of the circle having the radius ” R” is given by the formula:
L=27R
Proof.
y

(-r,0) 0 (r,0) x
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f:[—r,r]—>R;f(:c):\/r2—x2;1+f’2(a:):1+r2:im2= 5 5
Lf:/;r\/1+f/2($)dl': 77‘\/%(1

™ ™
= 7’<7 + 7) = 77; Lsemicircle = 77 = Leircle = 27T

T|T
T = rarcsin —
Ti—r

=r ( arcsin 1farcsin(fl)> =

2 2
O
Problem 12
Prove that the aria of the disc having the radius ” R” is given by the formula:
A=nR?
Proof.
T T 2
Agemidise = / flx)dx = / V2 —xidx = %; Agise = 12

O
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