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PROBLEMS FOR JUNIORS

JP.016. Find all triplets (m,n,p) where m,n are two natural
numbers and p is a prime number, satisfying the equation:

1 =4(p™ —1).
Proposed by Nguyen Viet Hung - Hanot - Vietnam

JP.017. Prove the following inequality holds for all positive real
numbers a, b, c

2(a + b+ ¢)(a3b3 4 b3c3 + c3a?)
(a+b)(b+c)(c+ a)
Proposed by Nguyen Viet Hung - Hanoi - Vietnam

1
a?4+b2+c% > 2(ab—l—bc—l—ca)—l-\/

JP.018. Let ABC be a triangle with the known normal notations.
Prove that for any point P moving on the incircle,

. <PA2+PB2+P(Z’2<5R
"= "h, he he 2"

Proposed by Nguyen Viet Hung - Hanot - Vietnam

JP.019. If a,b,c > 0 and z,y,z > 1 then:

403 4b3 403 4 4 4

b
wa2+bcryb2+cazc2+ab ><$ )a(y7> <i)c
Yz zZx Ty

Proposed by Mihdly Bencze - Romania

JP.020. Given x1,x2,...,x, be positive real numbers such that:
n
3z = .
k=1
If a, 3 > 0,4a(n — 1)(2an\/_—|— B8) > B3%y/n. then:
«a Z —_t B > na +

B
K Tk \/ > k=1 Tk vn

Proposed by Ngo Minh Ngoc Bao - Vietnam
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JP.021. Prove that if ,y,z > 0,xyz = 8 then:

23+ yd 428 > 22yt z+2yvztr+ 22ty

Proposed by Iuliana Trasca - Romania

JP.022. Let ABC be an acute triangle with the orthocenter H,
inradius r, and circumradius R. Prove that

HA+HB+HC< 2<1+r)
vVbe Vea  Vab T R

Proposed by Nguyen Viet Hung - Hanot - Vietnam

JP.023. Prove that for all positive real numbers a, b, c, d

a+b+c+d> 8
bc cd da ab T a2+ b2+ 2 + d?

Proposed by Nguyen Viet Hung - Hanoti - Vietnam

JP.024. Given a triangle ABC and let P be any point in its plane.
Prove that
PB-PC PC-PA PA-PB 1, PA PB PC\2
+ + < (Gm+—+7)-
hg hpy he

be ca ab =4

Proposed by Nguyen Viet Hung - Hanot - Vietnam

JP.025. Let n > 2 be an integer and let a,b,c be positive real
numbers such that ab 4+ bc 4+ ca < 1. Prove that

bc n ca n ab >1
(2a2 + be)™ (22 4+ ca)™  (2¢2 + ab)™ —
Proposed by Nguyen Viet Hung - Hanot - Vietnam

JP.026. Let a, b, c be non-negative real numbers and let x,y, z be
real numbers different from 0, such that by 4+ cz = «,
cz + axr = y,ax + by = z. Prove that
a. abc < %.
<1.

1 1 1
b. 2+a+b + 2+b+c + 2+c+a —
c. a+ b+ c > 2(ab+ bc+ ca).

Proposed by Nguyen Viet Hung - Hanoti - Vietnam

JP.027. Find all real numbers x satisfying the following equation

(z +{z})? — (z + {z}) = 6[z|{z} -1
where |z] and {z} denote the integer part and fractional part of
x, respectively.

Proposed by Nguyen Viet Hung - Hanot - Vietnam
2 ©Daniel Sitaru, ISSN-L 2501-0099
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JP.028. Prove the following inequality holds for any triangle ABC,

Ty Tec Ta 4R
Ty ie T
T T

Ta b c r

Proposed by Nguyen Viet Hung - Hanoi - Vietnam

JP.029. In acute angled AABC; L - Nagel’s point
M,M’ € (AB); N, N’ € (AC);

(M,L,N);(M’,L,N’) - collinear points

Prove that:
)+(a—|—b—c)(N—C+ N'©
NA N’A

Proposed by Daniel Sitaru - Romania

MB M'B
(atec— b)(MA T ara

>>b—|—c—a

JP.030. If z;, € [0,1](k = 1,2,...,n) then:

n
3 Z aci < 2n 4+ xi1x2T3 + T34 + ... + THT1To
k=1

Proposed by Mihdly Bencze - Romania

PROBLEMS FOR SENIORS

SP.016. Let a, b, c, s,t,u be positive real numbers such that
a-+ b+ c=1. Prove that:

sa? + tb2 + uc? sb? + tc? + ua? sc? + ta? + ub? >1
sa + tb + uc sb + te + ua sc+ta+ub —
Proposed by Kunihiko Chikaya - Tokyo - Japan

SP.017. Let ax(k = 1,2,...,n) be a positive real numbers such
that

= (n+1)
3= "D
k=1

Prove that:

Z":(k:2—1)ak—|—k2—|—2k>n(n+1)
1 a%—i—ak—l—l - 2

Proposed by Kunihiko Chikaya - Tokyo - Japan
©Daniel Sitaru, ISSN-L 2501-0099 3
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SP.018. If a,b,c > 0 and x,y,z > 1 then:

8a3 863 83 23\ a2 y5 b2 ;29\ ¢
oByB 2 5 (2)7 ()" (2)
T Y

Proposed by Mihdly Bencze - Romania

2

SP.019. Prove that:

" 1
1) ) (2k + 1)(2k* 4 2k + 5)(k* + k)* = g(ni" + 3n2 4+ 2n)t

k=1

™ 1
2) Y Rk+1)(K*+k+1)(k*+k+T7)(k*+k)¢ = §(n3—|—3n2 +2n)8
k=1
Proposed by Mihdly Bencze - Romania

SP.020. If z,y, 2 G(O, %), then prove that:

tan? tan? y tan? z S 3
(y+=)? (z4+2)* (r+y)® 4
Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania

SP.021. If x,y,z > 0, then prove that:

1 9

3,3 3.3 3,.3
>
(z°y” +y°2° + 2°z )<(w+y)5z+(y+z)5a:+(z+:1:)5y>_ 32

Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania

SP.022. Prove that if n € Nyn > 2;0 < a < b then:
bn+1 _ C,/n-i—l ab(bn—l _ an—l)
n+1 + n—1

< (b—a)y/2(a?" + b2)

Proposed by Daniel Sitaru - Romania

SP.023. Let A,B € M,(C) such that det A = det B # 0. Prove
that:

det(AB+xzy(AB) '+ (z+y)I,) = det(BA+xy(BA) '+ (z+y)I,)

for all z,y € C.
Proposed by Mihdly Bencze - Romania

SP.024. Let ABC be a triangle with the centroid G and denote
by Sapc its area. Prove that for any point P in the plane:

PA-GA?2 N PB-GB? +PC-G02 S 45
BC CA AB  — 374BC

Proposed by Nguyen Viet Hung - Hanot - Vietnam
4 ©Daniel Sitaru, ISSN-L 2501-0099
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SP.025. If a; >0 (¢=1,2,...,n) and k > 1 then:

no\* n in ik
a; | < i, ...0;
(; ’>— Z lii—i—...—l—ik—k—l—l“ e

11=1,...,0 =

Proposed by Mihdly Bencze - Romania

SP.026. Let be n € N*. Compute:

I_/""‘l vVn+l—=x
 a vVn+1—x+ +/x— ne2z—2n—1

Proposed by Daniel Sitaru - Romania

dx

SP.027. Solve the following equation in set of real numbers
8% 4 27: 4 271 . 3" 4 27.3°%7 =125
Proposed by Nguyen Viet Hung - Hanot - Vietnam

SP.028.Compute:
o1 maxt 4423 + 1222 + 92z
L= lim — /
1 (z+3)% —a5—243

Proposed by Daniel Sitaru - Romania

n—oo n

SP.029. Compute:

I— 1 1 Z /1 rsinmx d
frd im — XL
n—oo n — Jo x + (1 — :13)’{:1_2‘1’

Proposed by Daniel Sitaru - Romania

SP.030. Prove that:

2 cos22015x — cos? 2016z
I = - dx > 0,0001
sin x

jus
3

Proposed by Daniel Sitaru - Romania

©Daniel Sitaru, ISSN-L 2501-0099 )
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UNDERGRADUATE
PROBLEMS

UP.016. Compute the limit:

. 3 sin @ sec? 0\ cos 6 cos 0 cot @ cot 6\ sinfsec? o
lim [ (14— ) " (14— ) (1+—) do
n—o0 %

n n n

Proposed by Kunihiko Chikaya - Tokyo - Japan

UP.017. Let {a,} be a sequence defined inductively by

n?—2n—1

al = 1,a,n_|_1 = —an (n = 1,2,3,. . )

2 + n2(n + 1)2
Find the greatest value of n such that a;+a2+...4a, is minimized.

Proposed by Kunihiko Chikaya - Tokyo - Japan

UP.018. Prove that:
/Z \/cos md
T x

vV2—-1 152
+

< (e _1)
< —(eiz —
—24< >+ 4 73

Proposed by Soumitra Mukherjee - Chandar Nagore - India

UP.019. Let E = (n, k, p) the total number of (z1,xz2,...,xp) for
which
x1+x2+. . .4y is a perfect k power when the integers 1, x2,...,xp
are selected independently at random from the set {1,2,...,n}.

. E(n,k, *
Compute: lim,,_, %Vﬁm for p = 2;*p > 3.

Proposed by Mihdly Bencze - Romania
UP.020. If , € R(k =1,2,...,n) then:

n 2 n 2
Tk n T,
(3 rms) <o ey

Proposed by Mihdly Bencze - Romania

UP.021. Prove that:

1 dx L3
1< / <
= Jo VI — 22 F 22015 _ ;2016 — 2

Proposed by Soumitra Mukherjee - Chandar Nagore - India
6 ©Daniel Sitaru, ISSN-L 2501-0099
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UP.022. Let ABC be a triangle with the area S and denote by
T, Tq, Th, e inradius, exradii respectively. Prove that:

(r? + rare) (r? + 1o1e) (r? + TeTa) >< ) (rS)?
Proposed by Nguyen Viet Hung - Hanot - Vietnam

UP.023. If z,y, z,a,b,c > 0 then:
<m + y)b+0<y + z>c+a(z + w>a+b >
2z 2y 2z -
> (z+9)°"(y+ 2z +2)*7°
Proposed by Mihdly Bencze - Romania

UP.024. Calculate
> 1
Z arctanh(—),
n=2 an

where F,, is the n th Fibonacci number.

Proposed by Cornel Ioan Vailean - Romania

UP.025. Compute:
hm <3"+€’/ﬁ— 3{l/_> Vvn2?

Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.026. Compute:

i n+1 n VR

im —

n—oo\ 2/ (2p + 1)1 T/(2n — 1)!

Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.027. If T : (0,00) — (0,00) is Euler’s function, compute:

. ( z+1 T )ﬁ
lim — — I
T\ +2))= (D(z+ 1))
Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania
UP.028. Let be f : (0,00) — (0, 00),

(mile+s) — (nid) )
f(x)=(x+1) =1 — R € [0, 00). Compute:

Proposed by D. M. Batinetu - Giurgiu, Neculai Stanciu - Romania
©Daniel Sitaru, ISSN-L 2501-0099 7
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UP.029. If =,y € (0,00) then:

T+
)< day s
x+y dzy + 1

Proposed by Daniel Sitaru - Romania

2
Ztan" Yz + y) tan_l(
™

UP.030. Prove that:

Z"l: km—l _|_ (kt+ 1)m—1 _|_ (k+2)m—1 <
= (2k + 3)kmHL 4+ 2(k + 1)™mF2 + (2k + 1) (k + 2)mFT =
1 1

< _
-8 4(n+1)(n+2)
for all n,m € N*.

Proposed by Mihdly Bencze - Romania

MATHEMATICS DEPARTMENT, ”THEODOR COSTESCU” NATIONAL Econowmic, COL-
LEGE DROBETA TURNU - SEVERIN, MEHEDINTI, ROMANIA
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