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A SIMPLE PROOF FOR PRESTIN’S INEQUALITY

By Daniel Sitaru-Romania

Abstract: In this paper is presented a simple proof for Prestin’s inequality and a few applications.

PRESTIN’S INEQUALITY:

1

sinx X

<1-=

s

If0 < |x| <§ then:

Proof. We will us the well known Jordan’s and Kober’s inequalities.

JORDAN’S INEQUALITY:

sin x

2
If0 < |x| <3, then: = < <1
2 b4

X

Equality holds for x = g

KOBER’S INEQUALITY:

2
If x € [o,g] then: 1—§rx <cosx<1-=

Equality holds for x = 0.

Observation: If x € [—% 0] then (—x) € [0, g] and hence

(=x)?
T

1-— E(—x) <cos(—x)<1-
s

2 x?
1+—x<cosx<1——
T T

Case 1)x€(0,§].Letbef:(0,g] >R, f(x) = L —l—1+%,then

sinx x

—cosx 1 1 Jordan's

— (sin?x —x?cosx) >

2 2 =
sin2x  «x

1 4 1 4 Kober's

—(—x2 — x? cosx) = (— — cos x) >

Z 2 a2 2 ) 2 =
x2sin? x \m sin? x \m

flx) =

x2sin? x

4 NEW EDITION ROMANIAN MATHEMATICAL
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>1 4(2 1)_1<4+12>>
~ sin? x \ 2 nx "~ sin2 x \1r2 nx -

1 4 4 T 2
2.—<—+1—1>=+>0i<"'0<x3_:>0<__>_1>
sin? x \mr2 2 sin? x 2 X

f —increasing, then max f(x) = f (%) =1 —%— 1 +% =0

f(x)<0;vx € (O,g]

11 2
—————14-<0
sinx X T

11 2

—— T <1-=-Z=

sinx X T

1
sinx

Case2) x € [—2,0). Let be g: [—%,0) - R,gx) = — % +1- %, then:

—cosx 1 1
g'(x) = " (sin® x — x% cos? x) =

b=
sinfx = x2 «xZsin?

1

= (—x)? sin2(—x) (sin®(—=x) — (=x)* cos(—x)) 2 0,x € [—%, 0) > —x € (O, E]

2

g —increasing , thenming(x) = g (—g) =-1+ % +1 —% =0

gx)=0;vx € [—g,O)

11 2
: ——2—(1——)
sinx X T

_% > — (1 - %) we obtain:

1 1 2 1
—=-<1-—-and

sinx x T sinx

From

L_l| <1 2
Application 1: If 0 < |x|, |y| < %then:
5 NEW EDITION ROMANIAN MATHEMATICAL
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1 1 1 1 2,2
sinxsiny xy xsiny ysinx T
Proof. By Prestin’s inequality:
1 1 2 1 1 2
, ——|Sl——and. ——|S1——
sinx x T siny y T
By multiplying:
1 1 1 1 272
310
sinx x| Isiny vy T
1 1 1 1 2\?
|. R — +—s<1——>
sinxsiny xsiny ysinx xy T
1 1 1 1 2\?
NS N -
sinxsiny xsiny ysinx xy T
1 1 1 1 2\?
——— t—<— . +(1——>
sinxsiny xy  xsiny ysinx T

Equality holds forx =y = g

Application 2: If 0 < |x| < gthen:

1 2 1 2 2
—— +— < —+— +(1 )
sinx 71X X TMmmSsinx

s

Proof. In application 1 we take y = >

1 1 1 1 2
. —= T rrS —= T T +(1__)
Sin x sin— X = X Sin— —Sinx

2 2 2 2

1 2 1 2 +( 2>2
sinx mwx  x mwsinx

T

Equality holds for x = .

Application 3: Prove without any software:
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w22 + 4 < 2mV2 + 2

Proof. In application 2 we take x = %.

. T .
sin— Tm-"— T sin—
4 4
1 8 4 1 4
E‘Fﬁ _+—\/7+ —E+—2
2 2

22 + 4 < 22 + m?

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
ABOUT A FEW ALGEBRAIC INEQUALITIES
By Florica Anastase-Romania

Abstract: In this paper are presented a few non-standard inequalities and a few applications.

1 1 1
App. 1) If x4, x5, ..., X, > 0 such that T + i + -+ ryea 1, then:
X1 Xp e Xp = (m—1)"

Proof. Let us denote y; = f i €1,n,theny; +y, ++y,=1andy; +y;x; = 1.

)
Xi

L=y _ntyttyiatYimt+m

Xi =
Vi Vi
Using AM-GM inequality, we have:
_ n-1|Y1Y2"--"Yn
x> (n—1) \/ Vi
Vi

"Vouy '---'Yn)n'%

X1 Xy e X 2 (n—1)"- L Y1z In

Vi Y2 "Vn
7 NEW EDITION ROMANIAN MATHEMATICAL
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VO Y y)"
V1'Y2 e Yn YL Y2 e Y

xl'xz'...'an(n—l)n'

X1 Xg e Xy = (n—=1)"
App.2)Ifa,b,c,d > 0, then
1+a®> 1+ abcd
>
1+ a? 2

cyc

Proof. If a > 0 we have:

aB+1\° 1+a°
<a2+1> > 1_I_a;(1)(:>a(a—1)220.(Equalityfora=1).

B +1\° 1+a
= ; (2 2(a® — 1)2>(1+a*
<a+1>_ 5 ;RQ)e 2@ —a+1)=21+a") e

(a? — 2a + 1)? = 0. (Equality fora = 1).

From (1) and (2) we have:
1+a3\" /1+a®\* 1+a* 1+a%\' 1+a*
> > & >
1+ a? 1+a 2 1+ a? 2
1+a3>4 1+ a* 3)
1+a? ™~ 2’
1+a® 1 1 CBS
=2 [a+en =5 VEF T+ O+ eHa+ D =
cyc cyc

1 s 1+ abcd
- Y+ @b (1 +c2d2)? = 5 J(1 T 7Y (1 + 2 > %
Equality holdsfora=b=c=d = 1.
App.3)Ifa,b,c,d > Osuchthat—+m+m+m— 1 then:
1+ad - a1
1+a% ™
cyc
Proof. Using App.1) we get abcd > 3* and using App. 2) we have
1+a3>1+abcd>1+34_41
1+a2=~ 2 = 2
cyc
8 NEW EDITION ROMANIAN MATHEMATICAL
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App.4)Ifa,b,c,d > 0, then

Proof. Using App.1) and AM-GM inequality, we have:

1+ a3 am—m 1+ a3 (A4pp1) 4|1 + abced
> 4 z 4 |
1+ a? 1+ a? 2
cyc cye

App.6)Ifx,y,z,t > 1 then:

1+log3x 1+log3y 1+log3z 1+log3t>1+logx-logy-logz-logt
1+logZx 1+1log?y 1+1log?2z 1+log?t 2

Proof. Forx,y,z,t > 1, letus denote:logx = a,logy = b,logz = c¢,logt =d, a,b,c,d > 0 and
using App.1) we get the desired inequality.

Equality holdsforx =y =z =t =e.

App.7)Ifx,y,z,t > 1 then:

1+log3x 1+log3y 1+log3z+1+log3t> 4|1+ logx-logy-logz-logt
1+log2x 1+1log?y 1+1log?z 1+1log?t 2

Proof. Forx,y,z,t > 1, letus denote: logx = a,logy = b,logz = c,logt =d, a,b,c,d > 0.

Using AM-GM and App.1) we have

1+log’x 1+log’y 1+log’z 1+log’t
1+logZx 1+log?y 1+log2z 1+log?t

_1+a3+1+b3+1+c3+1+d3AM;GM
" 14a? 14+b2 14c¢2 1+4d?> ~

- 4/1+a3 1+b3 1+¢3 1+d3AP§1)4 +/1+abcd
= 1+a? 14b%2 14c¢2 14+d? ~ 2 B

_4 4\/1 +logx -logy-logz-logt

2
Equality holdsforx =y =z =t =e.
App. 8)If x,y,z,t, m > 1 such that

log, m + logy,, m + log,,, m + log,,,, m = 1 then:

9 NEW EDITION ROMANIAN MATHEMATICAL
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1+log3, x 1+1log3,y 1+logz 1+logfnt>
1+log2,x 1+1log2,y 1+log2z 1+log2t

Proof. Let usdenote: a =log,, x,b =log,,y,c =log,z,d =log,t = a,b,c,d > 0andwe
have: 1 = log;y m + l0ogpy, m + 108, Z + logpy t =

1 1 1 1
= + + + =
log,,(mx)  log,,(my) log,,(mz) logy,(mt)
1 1 1 1

:1+logmx+1+logmy+1+logmz+1+logmt

! + ! + 1 + 1 Uroy) bcd > 3*
= f—1 =
1+a 1+4b 1+4c 1+d abcad =

log,, x - log,, y - log,, z - log,, t > 3*

1+a® 1+ abcd
> >
1+ a? 2

cyc

1+ log3, x - 1+logy, x-logy, y - log, z-lognt A1

> =
tye 1+ log; x 2
Equality holdsforx =y =z = t.

App.9)Iifa,b,c € (0,1)ora,b,c € (1,o),ab + bc + ca = abc then:

1 Eere ) (Zeyet - @)\

4
2- 1_[ tanla Z tan—la | < tan™
1—abc

cyc cyc

Proof: ZVtan‘la -tan~1b - tan~1c(tan~la + tan=1b + tan~1c)

Am;Gm ) 2(tanla + tan~'b + tan"c)
- 4

. _1<a+b+c—ab0) , _1<a+b+c—ab—bc—ca)
= tan = tan

1—ab—bc—ca 1—abc

_ /a(l=b)+b(1—-c)+c(l—a)
—tanl( 1—abc )

1

Let be the function: f(x) = tan™'x, f'(x) = 0

> 0Vx € R = f —increasing

a(l=b)+b(1—c)+c(1—a) >3 J@+b2+c2)(1-a)2+ (1 —-b)2+ (1-c)?)

Ifa,b,ce(0,1)=>{1—b>0and1—abc>0=>—1a_(abc)>0
1—-c>0

10 NEW EDITION ROMANIAN MATHEMATICAL
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1-a<0 S a(1-b
Ifa,b,c€(1,0))=>{1—-b<0and1l—abc<0= 1a—(abc)>0
1—-c<0

App.10)Ifa,b,c € (1,2), f: (2,3) — (0, e2)continuous with f'(x) < 0 and f"(x) <
0,Vx € (2,3) then:

(a+1)(b+1) 4 .
;f< T )zz \/Hf(a+1) 2f(a+1)

cyc cyc

Proof: a,b,c € (1,2) > (1+a),(1+b),(1+c¢) € (2,3)

(a+1)(b+1) a+b+2
1++Vab

(\/_ \/_) (\/_ 1) > 0,Va,b € (1,2) and analogs ... ... (D

@+ +1) (1 ++ab)?
14++vab — 14+vVab

(a+1DB+1) <
1++ab
\/E+\/ﬁ+\/ﬂz2</xyz(x+y+z),‘v’x,y,z>0 ...... 2

(2
X -
Let z = max{x, y, z}anda—; b =g,a,b € [0,1] 3 (a + b + ab)? > 4ab/a? + b2 + 1

=1++Vab>2

3o (\/(E— 1)(\/%—2) < 0 true.

But (a + b + ab)? = a?b? + (a + b)? + 2ab(a + b) = 2ab(a + b + 2), then we have:

(a+b+2)?2>4(a+b+1),truefrom(a+b+2)2=((a+b)>+4+4(a+b)=>4(a+b+1)
> 4(a? + b%2 + 1),Va, b € [0,1]

From (1) and (2) we have:

<(a+1)(b+1)>>f<(a+1)+(b+1)>>f(a+1)+f(b+1)
1++ab - 2 = 2

(a+ Db+ 1)
2( T ) Y V@D fo+D 2

cyc

zj<ﬂ f(aﬂ)).(; f(a+1>>

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

>Jfla+D-fb+1)
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A SIMPLE PROOF FOR YOUNG'’S INEQUALITY AND APPLICATIONS

By Daniel Sitaru-Romania
Abstract: In this paper is presented a simple proof for Young’s inequality and a few applications.
YOUNG’S INEQUALITY (n = 2):
ifxy,x,=>0;p,q> 1,%+§ = 1 then:

xX1X <x_'1’+x_‘2’_(1)
R

q

Equality holds for x'l’ = X,.

Proof. Let be f: (0,) - R, f(x) = e*,then f'(x) = e*,f"(x) = e* > 0 = f —convex function,

hence f(lia + A,0) < A1 f(a) + A, f(b);a,b > 0; 44,4, > 0,4, + 1, = 1.

1.1 -1,1_
Forll—p,)lz q:>11+/12 p+q 1 and hence
1 1 1 1 LS VR | 1,
f(—a+—b)£—f(a)+—f(b)=>ep T <—-e%+-e
p q p q p q
.05 1 1
e’ et < e+ -eb
p q
la 1 a
Forx; =e?r ,x, =ed1 = —=1logx;,—=logx,ora=plogx;,b=qlogx,.
e%'plogxl - e%'q logx2 o lea + leb
p q
logx lo 1 1 1 1
e'08%1 . pl08X2 < _pP108X1 | _ Q108X
q
Xy %y <~ (e08m)P 4 L (plogx)
p q
1 1
X1 % < —-xP +=-x]
p
12 NEW EDITION ROMANIAN MATHEMATICAL
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P _ 4 .
If x; = x; then:

1 1 1 1 1 1
—-xf+—-xg:—-xf+—-xf=<—+—>xf=xf=
p q q p q
1.1 p p 1 1
1 p(3+3) 142 p 1 1
=x" =0 " V=x, T=xxl =g (D)1= 2 (x]) =2 xy

YOUNG’S INEQUALITY (n = 3):
1 1 1
Ifxq,x2,x3=20;p,q,1r > 1;1_7+5+; = 1 then:

p q r
X X X
X1X2X3 :?1+;2+?3;(2)

Equality holds for x} = x7 = x%.

Proof. Let be f: (0,) - R, f(x) = e*,then f'(x) = e*,f"(x) = e* > 0 = f —convex function,
hence f(Al1a + A,b + A3¢) < A1f(a) + A, (b) + A3f(c);a,b > 0;

11,12,13 > O,Al +).2 +A3 =1.

For /11 =

;12: ,13:%$11+12+13:%+$+%:13nd

<=
Q|-

1 1b 1 <1 1 b 1
Fatobtre) S r@+ o f0)+ /@

Lotipsle 1 1 1
epa+qb+rcﬁ—ea+—eb+—ec
p q r

a 1 a b c
er red rer <—e"+—-e"+—e
r

— l(1- — l . — lc a— -b— -C—
Forx; =er ;x, =ed ;x3 =er =>;—logxl,g—logxz,;—logx3, or

a=plogx;;b=qlogx,;c=rlogx;

lologx lologx 11 1 1 1
epp gX1 | eqq gXz e;'T 0g X3 < _eplogx1 +_eq10gx2 +_erlogx3
p q r

13 NEW EDITION ROMANIAN MATHEMATICAL
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elogxs . plogx, . plogxs < l(elogxl)p _l_l(elogxz)q +1(elogx3)r
p q r
1

1
Xy X xg S —-xP+—x] +=-x]
p q r

If xP = x] = xJ then:

1 1 1 1 1 1 1 1 1
—-xf+—-x§+—-x§:—xf+—xf+—xp=<—+—+—>xf=
p q p q p q 1
1,11 p.p P p
p(=+=+ 1+5+ 2
p _ vl _ (pqr)_x qr_xl Xf'X{:

=1x =x; =x; 1
o pd ol 1
=x1-(xl)q-(xz)T:xl-(xz)Q-(xg)r:xl-xz-x3

GENERAL YOUNG'S INEQUALITY:

> 0; p1, P2, Pn > LLn EN;n > 2,i+i+---+pi= 1 then:
n

If x4, x5, ..., X .
v " P1 P2
P1 P2 Pn
x x
X1 X2 ...'xn§—1+i+...+ n ;1 (3)
P1 D2 Pn
Equality holds for xi* = x0? = - = xb".

Proof. Letbe f:(0,0) - R, f(x) = e*, then f'(x) = e*,f"(x) = e* > 0 = f —convex function,

hence f(A;a; + A,a; + - + A,a,) < A1f(ay) + Axf (az) + -+ A, f (ay);

a,az, ..,y > 0;11,12,...,1‘”’ > O,Al +/12 + "'+/1n =1.

1$/11+,12+...+,1n=i+i+---+i=1and

1 1
ForAii=—,1,=—, ..., A3 ==
or P1 2 D2 3 r P1 D2 Pn
Fo-a+ay b oman ) S fan) + o fla) 4 f (@)
_al —az cen —a S — al — az e — a
P D2 Pn /D1 P2 Pn”
2o +tg et 1
et T T < —pta 4 etz 4. —oln
p1 D2 Pn
1, 1, 1, 1 1
err t-ep2 2. et "< —eY 4+ —e%2 4 .o —en
p1 D2 Pn

NEW EDITION ROMANIAN MATHEMATICAL
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1 1 1

—a —a —a
Forx; =eP1 ',x, =ebz °,..Xx, = ePn "ora; = p;logx,,a, =p,logx,,..,a, = p,logx, we
have:
opilogxy _—-plogx; Zpnlogay _ 1 L 1 ool
e . eP2 . .epn < —_eP1logxy 4 — opalogxz 4 .. 4~ oPnlogx,
P1 p2 Pn
logx logx logx 1 log x;\P1 1 log x5\P2 1 log x5, \Pn
el08X1 . pl08X2 . .o g”S—(e g1) +_(eg2 +...+_(e gn)
P1 p2 Pn
D1 D2 DPn
1, %2 Xn
Xy Xp e Xp S —+—+ -+ —
P1 b2 Pn
b1 _ , P2 _ Pn
Ifx;? = x3% = ---x," then
1 P1 D2 1 Pn p1 D1 P1
X tr—x "+ t+—x ==+ —x et —x =
b1 P2 n 1 2 n
1 1 1 1 S S
:<_+_+"'+—>Xf —Xflzxfl _xfl p2 pn _
P1 D2 p
P1 pP1 p1 1
— A1, P2, D3, . P1 . . P1\p,,
= X1 X2 X e x "= (x )1’2 (x )P3 (x1 )Pn
1 1 1
— P2 \o2 - (vP3Yp3 . - (P \on = . ..
=x; (xz )1’2 (x3 )1’3 (xn”)Pn—x1 Xy 't Xp

Application 1: If x{, x5 = 0 then:
1
X1% < 5 (2% + x3)

Proof. We take in (1): p = q = 2. Equality holds for x; = x,.

Application 2: If x;,x, = 0 then: 3x;x, < X3 + 2x,1/X;

Nle

Proof: Wetakein(1):p=3,q == Equallty holds for x3 = x

Application 3: If x4, x5, x3 = 0 then:

X1X2X3 < (x1 + x5 + x3)

15 NEW EDITION ROMANIAN MATHEMATICAL
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Proof. We take in (2): p = ¢ = r = 3. Equality holds for x;x, = x5.
Application 4: If x4, x5, x3 = 0 then:

1 2 1 3 1 6
xleX3 S Exl +§X2 +EX3

Proof. We take in (2): p = 2,q = 3,7 = 6. Equality holds for x? = x5 = x2.

Application 5: If x4, x5, ..., x,, = 0 then:
1
X1 Xy e Xp Sz(x'l‘+x§‘+ o+ xt);neENn>2

Proof. We take in (3): p; =p, = - =p,, = %
Application 6.

YOUNG’S INEQUALITY INTEGRAL FORM (n = 2):

If f,g:[a,b] - [0,);a < b; f, g —continuous, p, q > 1;% + % = 1 then:

b 1 b 1 b
= p - q
faf(x)g(x) dx < Pfa f (x)dx+qj; g1(x)dx

Proof. We take in (1): x; = f(x); x, = g(x), then f(x)g(x) < %fp(x) + %gq(x)

By integrating:

b 1 b 1 b
faf(x)g(x)dxSEpr(x)dx+aqu(x)dx

Equality holds for fP(x) = g9(x); Vx € [a, b]
Application 7.

YOUNG’S INEQUALITY INTEGRAL FORM (n = 3):

If f,g,h:[a,b] —» [0,0);a < b; f, g, h —continuous, p,q, 1 > 1;% + % + % = 1 then:
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b 1 b 1 b 1 b
Lf(x)g(x) h(x)dx < EL f”(x)dx+5fa gq(x)dx+;fa h™(x)dx
Proof. We take in (2): x; = f(x); x, = g(x); x3 = h(x), then
1 1 1
f)g)h(x) < Ef”(x) + ag"(x) + R (x)

By integrating:

b 1 b 1 b 1 b
f f)g(x)h(x)dx < —f fP(x)dx + —f g(x)dx + —f h" (x)dx
a p a q a r a
Equality holds for fP(x) = g%(x) = h"(x); Vx € [a, b]
YOUNG’S INEQUALITY GENERAL FORM
Iffi,f2 ... fn:la,b] = [0,0);a < b; fq, f2, ..., fn —CONtinuous, p, P2, ..., Pn > 1;
1 1

2+ 1= 1then:
P1 P2 Pn

b 1 b 1 b 1 b
fa F1OOf20 o fa() dx < — f friCods+ - f freCedx+ ko f for @) dx
Proof. We take in (3): x; = f1(x); x5, = fo(x), ..., x, = f(x) then

1 1 1
[0 fu(x) £ =) + =200 + -+ —fm (%)
p1 D2 p

n

By integrating:

b 1 b 1 b 1 b
[ 5@ fu@drs— [ rreodes— [ recoder -+ — | g Godx
a P1 a D2 a Pn a
Equality holds for flpl(x) = zpz (x) = P (x); Vx € [a, b]
. . s
Application9: If x1,x, = 0;a € (0, E) then:

2 2

X1Xy < e . xfiin a — . xos”a
17 NEW EDITION ROMANIAN MATHEMATICAL
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in(1):p = 552 4 = goaage ObVi 11
Proof. We take n (1): p= sin2a’ a= cos?a’ Obviously p,q > 1; p + qa 1.
Equality holds for x$in*@ = xgos*a,

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro.

A USEFUL LEMMA FOR SOME EXPONENTIAL INEQUALITIES
By Dorin Marghidanu -Romania

Abstract: A lemma regarding an inequality between an exponential and a rational
expression is highlighted and studied. Several applications of this lemma are presented.

Keywords and phrases : Bernoulli’s inequality , exponential inequality , fractional inequality,
Mathematics Subject Classification : 26D15

Although the following lemma is a result of ours - over 40 years old - it was highlighted only in
problems published by us after 2006 (see for example [3] - [9]).

Initially it was used strictly to solve exponential inequalities ; it was noticed by the regretted
mathematician Alexander Bogomolny, who presented it as a stand-alone result in his prestigious
website, Cut.the.knot, [1]. We will present it below (with a slight modification). This lemma has a
simple and very short expression:

Lemma. (See [1])

Ifm > 0andn € (0, 1), then the following relationship holds:

mt > . (L)

m-+n

Proof 1. Indeed, by logaritmic in (L), we obtain equvalently (n — 1) logm + log(m + n) > 0; (1)

To prove (1), we consider the function f: (0,1) - R, f(x) = (n — 1) logx + log(x + n), for which we
have

x+n-—1

fre=n- x(x+n)

So, the function has a minimum in x, = 1 — n > 0.Therefore, for any x € (0, ), we have:

f(x) = f(xo) = f(1 —n) = (n—1)log(1 —n),hence (1).
Proof 2. Starting from Bernoulli’s inequality for subunit powers:

Ifx >—1anda € (0,a), then (1 + x)* < 1+ ax; (B) . In which choose x =m —1 > —1 and
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a=1-ne€(0,1), and we get:

mT=[1+m-DP"<1+m-DA-n=m+n—mn<m+n

m
>5—<m+n=>m">
mn

m+n

2. Remark. The inequality in the Lemma can obviously extend to n € (0,1], because forn = 1
inequality (L), in the following form

m m

mn" > > (2)

m+n—mn m+n’

(obtained in fact in the 2nd proof of the lemma, too) . Independently, the same refinement
it was reported to us (in a private communication) by the mathematician Dan-Stefan
Marinescu .

Exponential inequalities are generally difficult inequalities . Inequality (L) has the great
advantage that it manages to compare an exponential with a fraction. In this way
exponential inequalities are reduced to rational inequalities - which are easier to
manipulate .

In the following we will see during several applications how important this lemma is and
how much it simplifies some inequalities with exponentials.

3. Application
Let x, y be two strictly positive real numbers. Prove that x” + y* > 1; (3)
(France, Concours General, 1996, Exercise 1V.2)

Solution. If at least one of the numbers x and y is greater than or equal to one, inequality
occurs. Take for example, x = 1 and f(x) = x¥. How f'(x) = x¥logx = xYlog1 = 0, it
follows that f is increasing, therefore f(x) > f(1) = 1. Meaning x* > 1 and how y* > 0,
result x¥ + y* > 1. Due to the symmetry of the inequality (3), the same happensif y > 1.

It remains to prove as for x,y € (0,1), inequality (3) occurs. We are now in Lemma’s

oy . X
conditions, so we will have x¥ + y* > 4+ 2 =1
x+y = x+y

4. Consequence.

If x € (O, g) then sin x°°S* + cos ysi"* > 1; (4).

It results from the last part of the above solution, or directly with Lemma.
5. Application

ifaq,a,,..,a, € (0,1)and S = a, + a, + --- + a,, then:

(S —a)% + (S — @)% + - + (S — a,)™ >n — 1; (5)
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Solution. We apply Lemma n —times, we obtain:

S—a)+ (S —ay)®+ -+ (S—a,)™ (Q S—a N S —a, N
S-—a)+a; (S—ay)+a

S—a,

n

1 1
B ——a — = — -1 = -1
T . Skzl(s @) =5(m-1S=n

Inequality (5) can also be considered a generalization of inequality (3) - for the case of
subunit variables. It can also generate the following inequality.
6. Consequence (See [5])
Prove that in any triangle ABC holds the inequality:
(sin A + sin B)$"¢ + (sin B + sin €)*"4 + (sin C + sin A)’"8 > 2; (6)

Solution. Indeed forn = 3and a; =sinA,a, = sinB,a; = sinC, in (5), resulting the
inequality (6). It is necessary here the extension of Remark 2, in order to be able to include
here also the right triangles (sin 90° = 1).

7. Consequence: Letaq, a,,...,a, € (0,1).1fA,, G,,, H,, Q,, are the means arithmetic,
geometric, harmonic, respectively quadratic of numbers a4, a,, ..., a,,, then occurs the
inequality,

Ay + G+ Hp)% + (G + Hy + Q)% + (Hy + Qp + A + (@ + Ay + G > 3;(7)

Solution. Evidently, A, G, Hy,, @,, € (0,1), because they are means. The rest results from
the relationship (5), for n = 4.

8. Application: If a,b,c € (0,

N | =

), then holds the inequality

ab+c + pcta 4 Ca+b > 1; (8)
Solution. We have the obviousa + b,b + ¢,c + a € (0,1), so with Lemma, we have:

a b c

b+c c+a a+b
+ bt + > + + =1
¢ ¢ a+Mb+c) b+(c+a) c+(a+b)

9. Application (See [4]):If a > 0,b,c,d € (0,1), then we have inequality

a

b c d .
a’(a+b)(a+b+c) >a+b+c+d’

C))

Solution. In the conditions of the statement, the conditions in Lemma are also fulfilled, so,
applying three times the inequality (L), we obtain:

c a a+b a+b+c _ a
a®(a+b) (a+b+c)d>a+b'a+b+c'a+b+c+d_a+b+c+d
20 NEW EDITION ROMANIAN MATHEMATICAL
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10. Remark. It follows, therefore, that the following inequality also occurs.

Zab(a+b)c(a+b+c)d >Z

cyc cyc

aibrcra_ vao

11. Application (See [6]): If a, b, c € (0, 1), then prove that
a(a+ b)¢ + b°(b+c)* + c*(c + a)? > 1; (11)
Solution. Using (L) three times (2 times each), we obtain:

b( +b)CLer;ma a a+b _ a
i a+b (a+b)+c a+b+c

be(h + )Len;ma b b+c _ b
¢ b+c (b+c)+a a+b+c

Lemma (C ct+a c
c*c+a) > : =
c+a (c+a)+b a+b+c

By adding there three inequalities, the relation in the statement is obtained.
12. Application (See [9]) MISSOURI JOURNAL OF MATHEMATICAL SCIENCES.
Ifa,b,c € (0,1), prove that

2%b+ o)1+ 2b(c+a)t P +2¢(a+ D)1 ¢ <4(a+ b+ c); (12)

. . b b . . .
Solution. In conditions of enonce we have %,%,HTa € (0,1) and applying the inequality

from Lemma, we obtain:

+b
(a+b)c> S __axb h +b+2c>2%(a+ b)Y (13)
2 ﬂ+c_a+b+26' encea ¢ @ '
2
Analogously,

a+2b+c>2@a+c)t?b; (14)
2a+b+c>2%b+c)"% (15
By adding the inequalities (11)-(13), we obtain
4a+b+c)>2%b+c) "+ 2°(c+a)t™® +2°(a+ b)t~¢
hence, the inequality from (12).
13. Application (See [8]): If a, b, c € (0, 1), prove that:

(a+b)(b+c)(c+a)(al + c)(b® + a)(c* + b) > al~bepl-cacl-ab; (16)
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Solution. Using inequality (L), two times, we obtain:
bc ( b)c > ab > ﬁ a
a’t = (a =
ab+c” ab+c (a+b)(a®+c)

and the analogous:

b c
ca ab
b™ > (b+c)(b+a) and ¢ > (c+a)(c*+Db)

which by multiplying gives:

abc

W TR+ O F D@ F OB A )

equivalent with the inequality from enonce.

14. Application (See [7]): If a, b, c,d € (0, 1), prove that:

c+d d+a a+b b+c

(a+b)7+(b+C)T+(c+d)T+(d+a)T>2_ 17
2 2 2 2 » (A7)
a+b b+c c+d d+a

Solution. In conditions of enonce we have: — S € (0,1) and applying the

inequality from Lemma, on obtain:

c+d a+b
a+by\z > a+b
( 2 ) > a+b _c+d ;(18)
e, e a+b+c+d
2 2

and three other inequalities similar to (16). By summing we obtain:

c+d

Z(a+b>7>z a+b _5
2 a+b+c+d

cyc cyc

Obviously, many other exponential inequalities can be conceived and solved using Lemma

(L).
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ABOUT A FEW SPECIAL LIMITS AND SUMS (lll)

By Florica Anastase-Romania

Abstract: In this paper are presented few special limits with great integer function.

App.1) Find:

-1

_1173?05 Iii(i[\/kz+k+1+\/k2—k+1]>

m=0n=1 \k=1
,wWhere [-] great integer function.

Solution: Let be the notations:

n

—Z \/k2+k+1+\/k2—k+1j

=§<

n=1

-1

[\/k2+k+1+\/k2—k+1j>

=1
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&-Ei(z \/k2+k+1+\/k2—k+1])_1

m=0n=1 ‘\k=1

Forn = 1 we have: [\/_+\/_]:2andforn=2wehave: [\/§+\/7]=4
But, 2k < VkZ2—k+1+VkZ+k+1<2k+1,then
[\/kz—k+1+\/k2+k+1]=2k

n

n
:Z V2 +k+1+Vk2—k+1 :ZZk:n(n+1)

k=1 k=1

i(i[\/k2+k+1+\/k2 k+1]>

n=

(1 1 )_ m —1 1
n n+1) m+1 m+1
p—1

[\”43

S
1l
oy

p
= Z ! = (1+1+ +1>— H
=P m+1 P 2 p —PT
m=0
Therefore,
—H Hy,
Q= lim? ”=1im(1——>“51
p—0 p p— p

App. 2) Find:

1 1 1
Q= rll_)oo [3\/—] n [3\/—] [3\/§] 4ot [m]’

Solution: We have: 1 <

[] — GIF, @ € R

<1+ ;,k = 1,n and summing, we get:

1
n< 1<n+z:2k—n+1—2—<n+1
k=1 1__k

Hence,

[ = 1
| 1

=n; (1)
1
2 - n

Now, we have: [\/_] [

1
Ml

==Y+ D 1] =k
n-1 (3k(k+1) nl (n—Dn?’Bn+1)
Z( z ‘/k3+i]>=2(3k3+3k2+k)= ;(2)

4
k=1\ i=0 k=1
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From (1) and (2) it foIIows that:

—Aliﬁ‘o[ﬂ+[3ﬂ+[3ﬂ+ S [r—1] - D@D
0,ifa <4
=12 ta=4
= §’1a_
o,ifa > 4

App.3)If x,, = 1111_5?0 Yo {\/n2 + k+ 1)n+ k% + k},m,n € N* then:
1
mym+1 <Zx—< 2vm
k
k=1

{x} =x—[x],[[] — GIF.
Solution: n? + Rk + Dn+k?+k=n®2+2kn+k?>+k=m+k)?>+k > (n+k)?
2+ QRk+n+k?+k=n?+2kn+k?+k=mn+k)?>+k<n+k+1)>
Hence,

m+k)?<n?+QRk+1n+k?*+k<m+k+1)>?

n+k<yn2+QRk+1n+k2+k<n+k+1=

[Jn2+(2k+1)n+k2+k]=n+k,

H{ty=t—{t}, M)teR

(Vn?+ @k + Dn+ K2 +k} = nZ+ @k + Dn+ k2 +k — (n+k) =

P+ QRk+Dn+k*+k—-m+k)? n®+Qk+Dn+k*+k—n*—-2kn—k*
Jn2+ Qk+Dn+k2+k+n+k 2+ Qk+Dn+k2+k+n+k

_ n+k
Jn2+ QRk+Dn+k2+k+n+k

. = > > — lim n+k _
xm:’l‘%kzo{\/n t Rk Dtk +k T’l‘*wz\/n2+(2k+1)n+k2+k+n+k_
:%+%+m_t.?.rms+; m+1€(\/_m)mEN*
xke(\/_k)keN*=>iE(llC \/1_>
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1+1+1++< 1<1+1+1+ +1(1)
2 3 m_k=1xk_ V2 3 vm’

s, 3,4, mHl
23

m 1 1 1 m
2mvm+1@m+<1+§+§+"'+a)Zm\/m—-l—l

1 1 1 m
1+§+§+---+E2m( Vm+1-1);(2)

1 1 1 1
2(\/k+1—\/E)<ﬁ<2(\/E—\/k—1):>1+ﬁ+ﬁ+--~+ﬁ<2\/ﬁ;(3)

From (1), (2) and (3), we get: m"Vm + 1 < Z’,;’le—lk < 2vm,m € N*

App. 4) Let (x,,)>1 and (¥,)n>1 be sequences of real numbers such that

n

S 3 k?
_ E: A _ § k-1, _
x, = ) tan (k) mlogn,y, = 2 Ik n 1] , [*] — GIF.

k=3 k=1

Solution:

From (1) and (2) it follows that (a, )3 is convergent, so x,, = Ty, + a, — 3771 is convergent;
(3).

2 2
Now, wehave'k—1<k—<k=>[k—

k+1
n

n
_1) lz zk sz—l(i).
_2_ 2 =;

=1

- P a”+2 (n+1)-a"+a
Z at = (a—1)° + ()

k=1

]=k—1,then

n
ynZZ

k+1
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)
=n-2"Ml—(n+1)-2"+1-2"+1=n-2"-2""142:(4)

From (3) and (4) it follows that:
2™ x, _ 2" - x, Xp

L L L e Wi Rl L ey el

App. 5) Let (x,)>1 and (¥,,)n>1 be sequences of real numbers such that

C 1 1
Xn =Zsmi+log(sma) = Z [\/_+2] — GIF.

1 =1
X,
Find: Q = lim —

n—oo yn

x
1l

Solution:
n n n
- Syanko(and)« 3 (- and) - 5L s a(en) 1
Xp = Smk og smn = " smk " ogn + log| sin ogn
n n
= (D~ toan )= Y (5 - sing) + lognsin, =
= " ogn " smk ogn smn =

=
1l
Y
&
I
oy
&
1l
-y

k=1 k=1
o1 n .1
sin= 1 1 sin=
= yn +log| < —Z(E—sinE>=yn+log — | — an, where
n k=1 n
n n n n
S eant) S A< S her Sy -r-tero
=2 % I3 2 kk—1) _ “"ns%
k=1 k=1 k=1 k=2
1 1 1
An+1 — An 1 sl ( 1>+sm(—>=

1 1
=01 2 sin (m) cos (n—-l-l) = (ay)ns1 increasing; (2)

From (1),(2) (a,)n=1 are convergent, then x,, = y,, + log (n sin %) — a, are convergent; (3)

Now,wehave:\/F+l= ,JEL S Sl+\/E< +1¢e
> a9 q=3 q

(g —1)g +1 < q(q + 1), so we can write:
n?+n n q(q+1)

SN S EOWDWNIGE &

q=1k=(q- 1)q+1
n q(q+1)

=Z Z q—Zq(qH)—(q—l)qq—Zz n(n+1)(2n+1)’(4)

q=1k=(q-1)q+1

From (3) and (4) it follows that Q = llm —==0.

n—-oo Yn

App. 6) Let (a,,) 51, (bn)n>1 be sequences of real numbers such that:

al = 2, nan = bn+2(an + bn+1 * zn_l),b Z \/_ GIF
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Find: Q = lim "2\/a1 1 PACENRN 1
n—-o0o

Solution: Forallk > 2, we have: Vk — 1 +Vk < 2Vk <Vk +Vk + 1

\/E<\/k—+;+x/ﬁ

2(\/k+1—\/E)<%<2(\/§—\/k—1);(1)

1+2 ) (Vi —\/E)szis1+22(\/%—x/k—1)
k=2 k=1\/E k=2

le
1
1+2(\/n2+1—\/E)SZ—<1+2(n—1)
k=1\/E
n n?
2 2<Zl<2 1 Zl m—2=b,=2(n-1)
n-2< ) —<2n—-1= —|=2n-2=2b,=2(n—-
k=1\/E k=1\/E i
Ny = bpyz(ay + bpyr - 2" ) > na, =2(n+ V(g +n-2")n=1e
An+1 an An+1 an an
=2(—+2") o = +l1e =noa, =n?-2"
n+1 (n ) (n+1)2n+1 n.2n nogn PR

So, we get:

ntr o2
"f/al Ay et Gy = 220 - \[(n))2

From1 < n! < n™, we obtain1 < ni/(n!)z < (%)2 -1

n+1
= lim ni/(n!)z =1=0=lim ”f/al “Qy ¢ Ay = lim 2721 - "i/(n!)z =2.
n—->oo

n—-oo n—oo

App. 7) Let (x,),>1 be sequence of real numbers such that

n3

1

Xpn-1 = ﬁ ,n=>1, [] — GIF.Find:
k=1 k

Solution: Using the double inequality:

1 3 3 1
—33—(k+1)2<\/k+ _\/’E<33—\/ﬁ
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n3-1 nd-1 nd-1 1
Zm (Z(vk—ﬂ-ﬂ><;w

n3

1 1 1
———-1<3n—-1 <z———
;SVkZ (=1 & 3k2 nin
3

n
1 1
3In—3<3n—3+ <Z <3n-2
nin k:13Vk2

Hence,

n3
1
= Z_SkJ:Bn—3:>xn:3n,n20
k=1 "

(xn)n=0 —is a arithmetic progression with ratior = 3
2 2 2

=35 () =x0 () +x () 4o ()

i=0

ZSn = (xO + xn) (‘8)2 + (X1 + xn—l) (‘;l)z + -t (xn + Xo) (Z)Z -

2

=@x+m () + () +-+ (7)) =

1y 2 Ny 2 1y 2 2n
:3n((0) +(1) +m+(n) ):3n(n)
Because
S 3(n+1) 22n+1
lim n+1=li ( ) ( ) =4=0=lim
n-o S, n-c  3n n+1 n-co

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
FAMOUS INEQUALITIES REDESIGNED IN THE TRIANGLE

WITH SIDES SUM BY SIDES

By Daniel Sitaru-Romania

Abstract: In this paper its considered an initial triangle with sides a, b, c. We take the triangle with
sidesa’ = b+ c,b' = c+ a,c’ = a+ b and we find the form of a few famous inequalities in triangle

obtained in this new triangle.

Notations:

a,b,c,s,R,r, F —sides, semiperimeter, circumradii, inradii and area of the initial triangle.
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a,b’,c', s’ R, r',F' —sides, semiperimeter, circumradii, inradii and area of the new triangle.

T, Ty, T —exradii in the initial triangle.
14, Ty, 7. —exradii in the new triangle.
hg, hy, h, —altitudes in the initial triangle.
hg, hy, he —altitudes in the new triangle.
A, b, c —angles in the initial triangle.
A',B’,C' —angles in the new triangle.

Preliminaries:

1 1
s’=E(a’+b’+c’)=§(2a+2b+2c)=a+b+c=25

F'=/s")s'—a)(s' —b)(s' —c) =+/(a+b+c)abc =

=+/2s - 4RF = \/2s - 4Rrs = 2s\2Rr

B a'b'c’ _(a+b)b+c)c+a) (a+b)b+c)(ct+a)

R' =
4F' 4 -2s\2Rr 8s\V2Rr
_ 2s(s*+7r?+2Rr) s®+r®+2Rr
4 .2svV2Rr 4+/2Rr
F'  2sV2Rr
r=o =2 = VIR

, F' _\/(a+b+c)abc_ (@a+b+c)abc  [(a+b+c)bc
s'—a a+b+c—b—c a? B a

F' (a+b+c)ca F' (a+b+c)ab
Ty = = andr, = =
b= s — b b € s —c c

Tt = ’Ii’a’+s’F—,b’+s’Ii,c’ B ,<%+%+%> B
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, ab+bc+ca_ab+bc+ca_

ab + bc + ca _
N 4AR'F’ 4R’

abc

!

_ab+bc+ca (ab+ bc+ca)V2Rr

- 4“sz+r2+2Rr - s2 + 12 + 2Rr
4V2Rr
1 1 1 s'-d s’—b’+s’—c’_3s’—25’_s’_1_ 1
womy 1 F F’ F' " F' F v \2Rr
2 3 ne _3 2_3 2 .2
Y m)? =2 @) =3 Y b+ =2 Y (b7 4 c? 4 2be) =
cyc cyc cyc cyc
3 , 3 34 , 3 , , 3
Z-ZZa +52bc=§-§Zma+52bc=Zma+2ma+52bc=
cyc cyc cyc cyc cyc cyc cyc

3 3
=Zm,21+z-2(52—r2—4Rr)+§(sz+r2+4Rr)=

cyc

3
:chzﬁ'z(sz—rz—4Rr+52+r2+4Rr):452+2m621

cyc cyc

Z(m(’l)2 =3s%+ Zmﬁ

cyc cyc

3 3
Z(a+b+c)2+1(a2 +b%+¢?)

2F" 2,/(a+ b + c)abc
b+c

!

““phyc

;o 2F' =2\/(a+b+c)abc
b7+ 4 c+a

2F' B 2\/(a+b+c)abc
a+b

h. = -
¢ a+b

!

_ b+c 4s\2Rr

R 5 . @) ro(cta) = (a+b)a+o)
8SVZRT

sind’ =

4s+v/2Rr

sinB’ =

b+c)b+a)

45\ 2Rr

dsinC' = — =7
anesmt =y D+ b)
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A= () + (") - (@)? (a+c)+(a+b)?—(b+c)*
cosa = 2b'c’ B 2(a+b)a+o) B

_a2+ac+ab—bc_ 2sa — bc
~ (a+b)a+c) (a+b)a+o)

2sb — ca 2sc —ab

andcosC' =

cosB’ = NI

" (b+a)(b+c)

AT (') =) bc
Sy = b J@+b)(ato
B ca dsi c' ab
My [ b+rob+a M2 T [tra)c+b)
A" [s'(s'—a’) | (@a+b+c)a
COS?_ b'c"  J(a+b)(a+c)
B" | (a+b+c)b d ¢’ |(a+b+c)
T ottt M2 T [crac+b)

1. MITRINOVIC’S INEQUALITY: In AA'B'C’ the following inequality holds:

3V3
3\/57" < S’ < TR’

Redesigned: s’ > 3V3r' @ a+b+c>3V3-V2Rr @ a+b+c > 3V6Rr

3vV3 (a+b)(b+o)(c+a) _3vV6(a+b)(b+c)(c+a)

3v3
S’STR’@(I-}-b‘FCS

2 8sV2Rr 16sVRr
3v6(a+ b)(b + +
a+b+c< Vé(a+b)(b + c)(c +a)
16svVRr

2. IONESCU-WEITZENBOCK’S INEQUALITY: In AA'B'C’ the following relationship holds:

(@)?+ (b")? + (c)? = 4V3F'

Redesigned: (b +¢)? + (c + a)® + (a + b)?> = 43 -\/(a + b + c)abc
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(b+¢c)?+ (c+a)®+ (a+b)? > 4/3abc(a+ b +c)
3. ZETEL’S INEQUALITY: In AA'B’C’ the following relationship holds:
h,-hp-h, >27(1r")3

Redesigned: In AABC holds:

8(a+b+ c)abc\/(a + b+ c)abc
(a+b)(b+c)(c+a)

> 27 - 2Rr -V2Rr

(a+b+ c)abc\/(a + b + c)abc - 27RrV2Rr
(a+b)(b+c)(c+a) - 4

4, SANTALO’S INEQUALITY: In AA'B’'C' the following relationship holds:
(mp)? + (my)? + (m)? = 3V3F'

Redesigned: In AABC holds:

3 3
Z(m;)z = J@+b+0)? +5(@ +b2 +c?)

cyc

3 3
Z(a+b+c)2+z(a2+b2+c2)23\/5-\/(a+b+c)abc

(a+b+c)?+a?+b?+c?>43abc(a+b+c)
5. GORDON’S INEQUALITY: In AA'B'C’ the following relationship holds:
ab +b'c +ca =>4V3F

Redesigned: In AABC holds:

(a+b)(b+c)+(b+c)(c+a)+ (c+a)(c+b) = 4\/3abc(a+b+c)

6. GOLDNER’S INEQUALITY-I: In AA'B'C’ the following relationship holds:

(a)*+ (b)* + (¢)* = 16(F')?
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Redesigned: In AABC holds:
(a+b)*+ (b +c)*+ (c+a)*=>16abc(a+ b + c)
7. GOLDNER’S INEQUALITY-II: In AA'B’'C' the following relationship holds:
(@)?(b")? + (b")?(c")? + (c)*(a')? =2 16(F')?

Redesigned: In AABC holds:

(a+b)2(b+c)2+(b+c)(c+a)+(c+a)(a+b)?>=>16abc(a+b +c)
8. BANDILA’S INEQUALITY: In AA'B’C’ the following relationship holds:

a b'b ¢ ¢ a} R’

max{v*a#v'z*cr =7

!

Redesigned: In AABC holds:

(a+b)(b+c)(c+a)
a+b a+c b+c btac+a c+b}<W

+ , + , +
a+c a+b b+a b+cc+b cHa 2Rr

max {

_(a+b)b+c)c+a) (a+b)b+c)(c+a)
B 16Rrs B 16RF

a+b a+c b+c b+ac+a c+b}<(a+b)(b+c)(c+a)

ma + , + , + <
X{a+c a+b'b+a b+cc+b c+a 16RF

9.LEIBNIZ’S INEQUALITY: In AA'B’'C' the following relationship holds:
(aI)Z + (bI)Z + (CI)Z < 9(RI)2
Redesigned: In AABC holds:

2

(a+b)?>+(+c)*+(c+a)’ < 9<(a+b)(b+c)(C+a)>

8svV2Rr

_9(a+b)?’(b+c)(c+a)’ 9(a+hb)*(b+c)(c+a)?
N 128s2Rr N 128RFs
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9(a + b)%(b + ¢)*(c + a)?

2 2 2 -
(a+b)*+b+c)+(c+a) < 128RFs

10. EULER’S INEQUALITY: In AA'B'C’ the following relationship holds:
R' =21
Redesigned: In AABC holds:

(a+b)(b+c)(c+a)
8sV2Rr

>2V2Rr @ (a+b)(b+c)(c +a) = 32sRr

(a+b)(b+c)(c+ a) = 32RF

11. STEINIG’SINEQUALITY: In AA’'B’'C' the following relationship holds:

1 1 1 3

a b ¢ 2r

Redesigned: In AABC holds:

1 N 1 N 1 <\/§ 1 1[3 16
a+b b4+c c+a” 2 2Rr 2.2Rr 4 (Rr
1 N 1 N 1 <1 6
a+b b+c c+a 4. |Rr

12. LEUENBERGER’S INEQUALITY: In AA'B'C’ the following relationship holds:

1 < 1 4 1 + 1 < 1
(RHY2 ~a'b’ b'c ca = 41')?

Redesigned: In AABC holds:

128s2Rr 1 1 1

1

@02+ 02+l - @+D2(atc)?  G+o2b+a? (c+a)?C+b? =4 2Rr

128RFs 1 1 1

1

@t b2+ ctaZ - @+b)P@a+t o’ b+ o2b+a?  (ctaP(ct by 8Rr
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13. KLAMKIN’S INEQUALITY-I: In AABC the following relationship holds:

a'b'c

4r') < ——m——
@) a+b +c

< (R")?

Redesigned: In AABC holds:

- (a+b)(b+c)(c+a) - (a+b)*(b+ c)*(c+ a)?

4.2R
TS ¥b+btctcta 128Rrs?

- (a+b)(b+c)(c+a) - (a+b)?(b+c)*(c+ a)?

8R
T2 T 2@+bro 128RFs

(a+b)(b+c)(c+a) - (a + b)2(b + ¢)%(c + a)?

16Rr < <
r a+b+c 64RFs

14. KLAMKIN’S INEQUALITY-II: In AA'B’C' the following relationship holds:

9R’

Or' <ry+ry+r. < >

Redesigned: In AABC holds:

(ab + bc + ca)\2Rr - 9(a+b)(b + c)(c+ a)

9V2Rr < <
s24+ 7124+ 2Rr 16sV2Rr

- ab + bc + ca <9(a+b)(b+c)(c+a)
~ s24+1r2+2Rr "~ 32RF

15. BOKOV’S INEQUALITY: In AA'B’'C’ the following relationship holds:
(ro)? + (rp)% + (rp)? = (s')?

Redesigned: In AABC holds:

(F")? (F")? (F")?
(S’ _ aI)Z + (S’ _ br)z + (S' — C')Z = (a +b+ C)Z

1 1 1
(a+B+c)abc(—2+—+—>2(a+b+c)2
a?  b%  c?

1 1 1
abc(§+b—2+c—2)2a+b+c
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bc ca ab
—+—+—=a+b+c
a b c

16. JANIC’S INEQUALITY: In AA'B'C’ the following relationship holds:

(a)?  (b')? (f’)lz2 4

r,re  Tirg  Tary
Redesigned: In AABC holds:

(b + ¢)? (c + a)? (a + b)?

! ! ! ! 12 7 2 4‘
F . F F . F F . F
s'—a' s'—c¢' s'—c' s'—a' s'—a' s'—p’
(b +c)? (c + a)? (a + b)?
(a+b+c)abc (a+b+c)abc (a+b+c)abc =4
bc ca ab
(b+¢)* (c+a)?* (a+b)?
+ + >4(a+ b+ )

a b c

17. TRIGONOMETRIC INEQUALITY-I: In AA'B’C’ the following relationship holds:

] AI + . BI + . CI <
sin 2 sin 2 sin 7 =

N| W

Redesigned: In AABC holds:

bc ca ab <3
@+b)a+o  |brob+a) @ |ctaictb -2

18. TRIGONOMETRIC INEQUALITY-II: In AA'B’'C' the following relationship holds:

A’+ B’+ C’<3\/§
COS2 COS2 COS2 ="

Redesigned: In AABC holds:

(a+b+c)a (a+b+c)b (a+b+c)c - 33
@+ba+o  |[brab+o @ |cra)c+h - 2vaibre
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19. TRIGONOMETRIC INEQUALITY-III: In AA'B'C’ the following relationship holds:

_A’_B’+_B’_C’+_C’_A’<3
SlIlZSan Sll’IZSll'l2 Sll’IZSlII2 =2

Redesigned: In AABC holds:

bc ca ca ab
@ib@a+to G+ob+o [+l +0 c+ac+b)

ab bc 3
(c fYa)(c+b) (a+b)(a+c) =7

c abc a abc b abc <3
i+b |(@+00b+0 brc|bracta) c+alcrbath =42

c a b 3
(a+b)J(a+c)(b+c) i (b+c)\/(b+ a)(c+ a) " (c+a)/(c+b)(c+a) = 4+ abc

20. TRIGONOMETRIC INEQUALITY-IV: In AA'B'C’ the following relationship holds:

A B’ + B’ c + C' A <
€OS —-C0S —-+ €COS —-COS -+ COS —-COS — <

o

Redesigned: In AABC holds:

(a+b+c) (a+b+c)b (a+b+c)b (a+b+c)
@+Dat+o |[brob+a) |[brab+o |crac+b)

(a+b+c)c (a+b+c)a
(c+a)(c+b) (a+b)(a+c)

1 ab 1 bc 1 ca < 9
a+b [cta)c+h) btclatbia+o c+a |brob+a) - 2@a+b+o

21. TRIGONOMETRIC INEQUALITY-V: In AA’B’'C’ the following relationship holds:
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sec? A + sec? B + sec? ¢ >4
2 2 2

Redesigned: In AABC holds:

(a+b)la+c) bh+a)b+c) (c+a)(c+b)>
a(a+b+c) b(a+b+c) cla+b+c) —

(1+)(1+ )+ (1+9) (147 + (1+ D) (142) 2 4@+ b +0)

22. TRIGONOMETRIC INEQUALITY-VI: In AA'B'C’ the following relationship holds:

csc? A + csc? B + csc? ¢ >12
2 2 2

Redesigned: In AABC the following relationship holds:

(a+b)(a+c)+(b+c)(b+a)+(c+a)(c+b)>

12
bc ca ab

a(a+b)(a+c)+bb+c)(b+a)+c(c+a)(c+b)=>12abc

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY JOSE LUIS DIAZ BARRERO-I

By Marin Chirciu — Romania

1) In AABC the following relationship holds:

a2+bc+b2+ca+cz+ab>3abc3 1
b+c c+a a+b — 2R _|h,h,h,

Proposed by Jose Luis Diaz-Barrero - Spain

Proof: We have

a’+bc _ Y (a?+bc)(a+b)(a+b) _ 55*-10s2r?+r2(4R+1)?
b+c [1(b+c) - 2s(s2+r2+2Rr)

2)x
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which follows from
Y(a? + bc) (a + b)(a +b) = 5s* — 10s%r? + r2(4R + r)? and
n(b +¢) = 2s(s®> +r? + 2Rr)
Let’s get back to the main problem.

2,.2
Using the Lemma and the known inequalities in triangle abc = 4Rrs and [ h, = zer

We prove the stronger inequality

3) In AABC the following inequality holds:

a’?+bc b’+ca c*+ab

+ + >a+b+c
b+ c c+a a+b

55%—10s%r2+r2(4R+71)?
2s(s2+1r2+2Rr)

Solution: >2s©s*—s?2(BRr+14r)) +r?(4R+ 1)’ >0

& s%(s? —8Rr — 14r®) + r2(4R +1)?> = 0
We distinguish the following cases:
Case 1). If (s? — 8Rr — 14r2) > 0, the inequality is obvious.
Case 2). If (s? — 8Rr — 14r?) < 0, we rewrite the inequality:

T2(4R +1)? = s2(8Rr + 14r?% — s2), which follows from Gerretsen’s inequality

2
RURYT” — 4R2 4 4Rr + 372,

16Rr —5r2 <s? < <
2(2R-1)

It remains to prove that:

R(4R +1)?
r2(4R +1)% = ﬁ(SRr + 14r2 — 16Rr + 5r%) ©

© 2r2(2R—1) < R(-8Rr +19r?) © 8R2 — 15Rr — 2r> >0 (R—2r)(8R+ 1) = 0,
obviously from Euler’s inequality R = 2r.

4) In AABC the following inequality holds:

3abc:s 1
2R _|h hyh,

3 1 9s > 3-4Rrs3| R 1>3 3| R
= = e R
hahyh, S=TR 2s%r? =T 2522

a+b+c>

Solution We prove that:

a+b+c>=

3abc
2R
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& 2s% > 27Rr, which follows from Gerretsen’s inequality s* > 16Rr — 5r2. It remains to prove
that:

2(16Rr — 5r%) > 27Rr © R > 2r. (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.
Remark.We can write:

5) In AABC the following relationship holds:

a2+bc+b2+ca+c2+ab> b4 >3abc3 1
btc  c+ta  a+b - ° “=2R |h hyh,

Solution See 3) and 4).

Equality holds if and only if the triangle is equilateral.
Remark. Let’s find an inequality having an opposite sense:
6) In AABC the following relationship holds:

a’?+bc b*+ca c*+ab
+ +
b+c c+a a+b

R
S(a+b+c)a

Proposed by Marin Chirciu - Romania

Solution Using the Lemma, the inequality can be written:

55%—105%124+712(4R+71)?
25(s2+r2+2Rr)

<s -g & s2[s?(2R — 51) + 2r(2R? + Rr + 57®)] > r3(4R + 1)2.

We distinguish the following cases:

r(4R+1)?
T

Case 1). If 2R — 51) = 0, we use Gerretsen’s inequality s> > 16Rr — 512 > . It remains to

prove that:

(4R + 1)?

iy [(16Rr —5r%)(2R —51) + 2r(2R* + Rr + 51®)] > r3(4R + 1)’ &

& 36R? —89Rr +34r%? >0, obviously, because in this case 2R = 5r.

Case 2). If (2R — 5r) < 0, we rewrite the inequality:

s2[2r(2R? + Rr + 512) — s?(5r — 2R)] = r3(4R + r)?, and we use Gerretsen’s inequality

rORTY < 16Rr — 512 < 52 < BURID < 4p2 4 4Ry 4 392,

R+r 2(2R-1) —
It remains to prove that:

(4R + 1)?

R [2r(2R? + Rr + 57%) — (4R?> + 4Rr + 3r®)(5v — 2R)] = r3(4R + )’ &
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© 8R3 — 8R?%r — 13Rr? — 613 > 0 © (R — 2r)(8R? + 8Rr + 3r%) > 0, obviously from Euler’s

inequality R = 2r.
Remark. We can write:
7) In AABC the following relationship holds:

a’?+bc b*+ca c*+ab R
a+b+c< + + <(a+b+c);—
b+c c+a a+b 2r

Proposed by Marin Chirciu -
Solution See 3) and 6). Equality holds if and only if the triangle is equilateral.
8) In AABC the following relationship holds:

2 2 2
a“+bc . b“+ca ., c“+ab
a+b+c< + + <
b+c c+a a+b

(a+b+c) zk;r'

Proposed by Marin Chirciu -
Solution We prove the following lemma:
Lemma: In AABC the following relationship holds:

a2+bc+b2+ca+c2+ab_ 5s* —10s%r? + r*(4R + 1)?
b+c c+a a+b 2s(s2 + 12 + 2Rr)

Proof:

2 2 2 2,2, ..2 2
a’+bc Y(a“+bc)(a+b)(a+b) 554—10s*r*+1%(4R+T
We have Y, — X( ) = — ( )
b+c [1(b+c) 25(s2+r2+2Rr)

Y (a? + bc) (a + b)(a+ b) = 55* — 10s%r? + r?(4R + 1)? and
[1(b + ¢) = 2s(s? + r? + 2Rr). Let’s get to the main problem.
LHS inequality. Using the Lemma the inequality can be written:

55* — 10s%r2 + r2(4R +1)?
2s(s? 4+ 12+ 2Rr)

Romania

Romania

, which follows from

>2s o st —s?2(BRr+14r?) +r?(4R+1r)’ 20 &

& s?(s? — 8Rr — 147r2) + r2(4R + 1)? = 0.We distinguish the following cases:

Case 1). If (s* — 8Rr — 14r2) > 0, the inequality is obvious.
Case 2). If (s? — 8Rr — 14r?) < 0, the inequality rewrites itself:

r2(4R + R)? = s?(8R + 14r?% — s2), which follows from Gerretsen’s inequality:

R(4R +1)?
16Rr — 51> < s? < ———— < 4R? + 4Rr + 3r?
r r S Z(ZR—T') r r

It remains to prove that:
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R(4R +1)?
r? (4R + T)Z = m(SRT + 1472 — 16Rr + 5T2) g 2T2(2R - T) < R(—SRT + 191"2) &

© 8R? —15Rr — 2r2 > 0 © (R — 2r)(8R + 1) = 0, obviously from Euler’s inequality R > 2.
Equality holds if and only if the triangle is equilateral.

RHS inequality. Using the Lemma, the inequality rewrites itself:

55%—10s2r2+1r2(4R+71)?
25(s2+412+2Rr)

s ; & s%[s2(2R — 51) + 2r(2R? + Rr + 572)] = r3(4R + )2

We distinguish the following cases:

r(4R+1)?

Case 1). If (2R — 51) = 0, we use Gerretsen’s inequality s> > 16Rr — 512 > oy

It remain to prove that:

r(4R +1)?

iy [(16Rr — 57%)(2R —57) + 2r(2R?> + Rr + 5r?)| > r3(4R + 1)’ &

& 36R? — 89Rr + 3412 > 0, obviously, because in this case 2R > 5r.
Case 2). If 2R — 5r) < 0, we rewrite the inequality

s2[2r(2R? + Rr + 51r2) — s2(5r — 2R)] = r3(4R + r)? and we use Gerretsen’s inequality

(4R + 1)? R(4R +1)?
——— < 16Rr—5r? <s?<———— < 4R?+ 4Rr + 3r?
R+r T =S = 0%0R -1 reer

It remains to prove that:

(4R + 1)?

iy [2r(2R? + Rr + 51%) — (4R?> + 4Rr + 3r2)(5vr — 2R)| = r3(4R +1r)?* &

© 8R3 —8R?r —13Rr? — 613 > 0 © (R — 2r)(8R? + 8Rr + 3r%) > 0, obviously from Euler’s
inequality R = 2r. Equality holds if and only if the triangle is equilateral.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

A SIMPLE PROOF FOR KLAMKIN’S INEQUALITY

By Bogdan Fustei-Romania
Abstract: In this short math note is presented a new technique to proof Klamkin’s inequality.
In AABC, P, P' € (ABC) the following relationship holds:
a-AP-AP'+b-BP -BP' +c-CP-CP' = abc (Klamkin)

Proof: For x,y,z € R we have:
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(x+y+2)(x-AP?+y -BP?>+z-CP?) >yz-a*+zx-b* + xy - c?

Let P’ € Int(ABC) and x = 222y = DBP =P Hence,

AP’ BP ’ cP

za-AP’ a AP’ o\ Nhe BPLCP
AP AP = gp-cp ¢
cyc cyc

cyc

1 abc
- . r. . . . I, > 000 . . r. 4
AP-BP-CPZQ AP'-BP - CP Za AP AP_AP-BP-CPZa AP -BP'-CP

cyc cyc cyc

Za'AP"BP'CP'Za-AP’-APZacha-AP-BP’-CP';(l)

cyc cyc cyc

Analogous,
Za-AP-BP’-CP’-Za-AP-AP’Zacha-AP’-BP-CP;(Z)
cyc cyc cyc

By adding, it follows that:

ZwAP-AP’(Za-AP’-BP-CP+Za-AP-BP’-CP’>2

cyc cyc cyc

2abc<2a-AP-BP'-CP'+Za-AP-BP’-CP’>

cyc cyc
a-AP-AP' +b-BP-BP' +c-CP-CP' = abc (Klamkin)

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT THE PROBLEM JP.460-R.M.M. WINTER EDITION 2023

By Marin Chirciu-Romania

JP.460.If a,b,c,m,n > 0, then

Z a - (a+b+c)*
o Ymb+nc| — (m+n)(a?+ b2+ c?)

Proposed by Daniel Sitaru-Romania
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Solution. Lemma 1. If a, b, c, m,n > 0 then:

Z . X a)*
T Ymb+nc  (m+mn)X bc)

Proof. Using Radon’s inequality, we get:

22 2; Y g Gai | Qo
Vmb +nc 43 a(mb +nc) &2 (mab + nac)3 - [X(mab + nac)]g (m +n)¥bc

Equality holds fora = b = c.

Let’s get back to the main problem, using Lemma 1, we get:

= RHS

3
Lem;na 1 S a)* (;) (a+b+c)*
(m+n)Ybc — (m+n)(a?+ b% + c?)

a
LHS = Z—
(Cyc Ymb + nc

(1) © Y.a? = Ybc. Equality holds for a = b = c. Remark. The problem can be developed.

Ifa,b,c, m,n > 0 then:

4
Z a - (a+ b +c)®
Lidmb+nc| — (m+n)(a®+b?+c?)
Marin Chirciu

Solution. Lemma 2. If a, b, c, m,n > 0 then:

Z a _t_ QGaof
T Ymb +nc  J(m+n)Ybc

Proof. Using Radon’s inequality, we have:

Radon
R N R T
mb + nc a(mb + nc) e (mab + nac)4

L Got_ Got e[ Ear
B [>(mab + nac)]i [((m+n)Y bc]i (m+n) ¥ be
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Equality holds fora = b = c. Let’s get back to the main problem.

Using Lemma 2, we have:

Lemma 2 < a)® ® (a+b+c)d
>

5
LHS = Z ¢ > = RHS
N bt mb + nc = (m+n)YXbc T (m+n)(a?+b%+c2)

(1) © Ya? = Ybc. Equality holds fora = b = c.
Remark. The problem can be developed.

Ifa b,c,x,y>0andn € N,n > 2 then:

Z S (a+ b+ )"
S ,/xb + yc (x +y)(a® + b2 + ¢?)

Marin Chirciu

Solution. Lemma 3. If a,b,c,x,y > 0 then:

(Z a)n+1
T w/xb+yc (x+y)2bc

Proof. Using Radon’s inequality we get:

a Radon
E E E >
cyc nV xb + yc cyc V a(xb +yc) cyc (xab + yac)"

O Rl C W
- X (xab + yac)]% [(x+y)Y bc]% (x+y)Ybc

Equality holds for a = b = c. Let’s back to the main problem.

Using Lemma 3, we get:
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n+1
Lemma3 (Y a)"*1 @ (a+b+c)?
>

a
LHS = z— = =
xb + yc (x+y)Xbc ~ (x+y)(a*+b*+c?)

cyc

= RHS

(1) © Ya? = Ybc. Equality holds fora = b = c.

Note: For n = 3 we get the Problem JP.460 from R.M.M. WINTER EDITION 2023 proposed

by Daniel Sitaru-Romania.

JP.460. If a,b,c,m,n > 0, then

z a - (a+b+c)*
o Ymb +nc| — (m+n)(a?+ b2+ c?)

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

SOLVED PROBLEMS-(III)

By D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

1. Show thatifm € [0,x),x,y,2,t € (0, ), then in any triangle ABC, with usual
notations holds:
(xaz + be)m+1 - 4_m+1(x + y)m+1

S
(zm? + th2)m™ —
C

1
3m7z2(z + t)m

cy

Solution: We have h, < m, = h2 < mZ, and other two analogous. So,
h2 + hi + h2 < m? + m} + m? =%(a2 +b%+c?) (1)

By J. Radon’s inequality, (1) and ¥y, m5 = %chc a?, we deduce that

m+1 2)m+1

Z (xa? + yb?)™*? > (Zeyclxa® + yb?)) _ (x Leyc @ + Y Xeyea
(zm? + th2)m™ — (Xeyczm? + thfl)m (2T cyem2 + t T eye hczl)m B

cyc

_ G ey a?)™ )™ (Zeyeat)™ (g)m G 2 ()
(Z+)™(Teycms) @+O™(3)" (Zeyea®)™ N3 z+t)m

By lon lonescu — Weitzenbdck inequality we have: a? + b% + ¢ > 4+/35  (3)

(xa2+yb2)m+1 - 4MHL (ypy )M+l

By (2) and (3) we obtain: ¥, (2t 2 m_l( :
c a 37 2(z+t)™m

S, Q.E.D.
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2. Provethatifa,b,c,d, x,y,zt € R}, then:
4@+ b2+ +d?+x*+y*+ 22+ t2) +8y(a? + b2 + ¢ + d2)(x% + y% + 2% + t2)
>(@a+b+c+d+x+y+z+it)?

Solution: By Bergstrém’s inequality we have that:

(a+b+c+d)?

a*+b*+c?+d* > (1)

(x+y+z+t)?

x2+y?+z24+t%2> (2)
Denoting LHS with E, then by (1) and (2) we obtain:
E>(a+b+c+d)?+x+y+z+t)>+2(a+b+c+d)(x+y+z+t)=
=(a+b+c+d+x+y+z+t)?

and we are done.

3. If ABC is a triangle then prove the inequality:

3|b 3[C 3la 3 1 1 1
—+ =+ =] 6s<—+—+—)29
a b c a b c

Solution:

3[b 3(c 3a %13 |bca
(Frfrf)ss [fEs o

6p-G+%+%)=3(a+b+c)(%+%+%)227,50

3 1 1,1 3 _
\/65'(54‘;‘1‘;)2 27 =73 (2)
By multiplying (1) and (2) yields the inequality. The equality occurs iff ABC is equilateral.

4. Prove that in any triangle ABC occurs the inequality:
a? b? c? 4p?

+ + >
w-b)p-c) P@-op—a) (p—-a)(p—b) (4R+n)r

Solution: From Bergstrém’s inequality:

U=y a? (X a)? _ 4p?
(r-b)(p—c) ~ X(p-b)(p-c) XE(p—a)(p-b)

Y@ —a)(p—>b)=(4R +1r)r, QE.D.

and since

5. Ifx,y,z € R}, m € R,, then in any triangle ABC holds:
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T, N T N T, (4R + r)™m*1
(xrb + yrc)m (xrc + yra)m (xra + yrb)m - (x + y)m ' pZm

n?+1 (Z7h)m+1

Grpayr™ = L Grarp ™ = G )

Solution: From J. Radon ),

And by Y7, = 4R + r and Y. 7,1, = p?, Q.E.D.

6. Prove that:

If m and n are positive real numbers then in any triangle ABC (with usual notations)
holds:

cot? cotZ cot? 9s
2 2
B ct C 2t
m+n-tan;-tan; m+n-tan;-tan; m+n- tan— tan— 4-mR+(m+3n)r

Solution: We have;

cot— 1
U= Z C:Z A A B C
m+n- tan— tanz m-tan5+n-tan—-tan—-tan5

and by Bergstrom’s inequality we deduce that:

9

U= 7 I
m-ZtanE+3n-Htan5

4R+1r

A A r . .
Because: ), tanz = and l‘[tan; = we obtain the conclusion.

7. Ifx,y,z € R}, then in any triangle ABC prove that:

A B
tan* E tan* E
+ -+
24 2B 2C 2B 2C 24
x sin +ysm 5 +zcos? > x sin +ys1n 5+ zcos
c
tan4

> 2R(16R? + 8Rr + 1% — p?)?
xsmz + ysmz +z cosz 2x+y+2z2)R— (x+y—2)r)p*

+

Solution: By Bergstrom:

2
A A
tan* = (tan2 —)
2 _ 2 >
z 24 c— z -
x sin

C
Sty sm2 +z cos2 X sm2 +y sm2 + z cos? 3

2
(Ztan2 é)

= A : A

(x +y)Zsin25+ZZCOSZE

and
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- = t
2" 2R ' 2 2R (LM 2 P2

LA 2R-r ,A 4R+ ,A (4R +1)* - 2p?
Zsm—= cos?— = =

8. Ifx,y,z € R}, then prove that in any triangle ABC the following inequality is true:

cot3g cot3§
A B ct B C at
xcot>+ytans +ztan; xcot, +ytan;+ztan;

3C 2
cot 2 P

+ 2
xcotg+ytang+ ztang Bx+y+2)r?

Solution: By Bergstrom:

A A

Z C0t3— Z COtz—
A B c= B, A c, 4
xcot;+ytan5+ztan5 x+ytan5tan5+ztan5tan5

2
(Z coté)
> 2
3x+ (y+ Z)Ztangtang

. . A 2R-71 A B
Since Y sin?= = and Y tan=tan-=1
2 2R 2 2

9. Ifx,y € R}, m € R,, the prove that in any triangle ABC holds

tan™+14 tan™+12 tan™+1 ¢
B o\m c ™ A B\™
(x-tan5+y-tan5) (x'tanE+y'tanE) (x-tan;—i—y-tan;)
4R+ 71
2 _—
(x+y)mp
tapm+14 (z tané)m“ S tan?
Solution: U = 2 byRadonU > 2 = 2
2 (x tan§+y tang)m y (x+y)m(z tang)m (x+y)m

Using Ztan% = %, Q.E.D.

10.If x,y,z € R}, m € R, then in any triangle ABC occurs:
T, T T, (4R + r)™*1

+ + >
T+ YTy +2rd™ | Kyt 2™ | (Xt yratzr)™ - (4R +0)x + (v + 2)p2)"

a rgt S )™

Cetyrp+zrd™ 2 (XTq+yTarp+27aTc)™ — (X XTa+(Y+2) L1arp)™

Solution: From J. Radon inequality: Y,

And from, Y7, = 4R + r and Y. 7,13, = p?, Q.E.D.

11. If m,n € R}, then in any triangle ABC holds:
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tan= tanZ tan<
2 n 2 n 2
m-(4R+r)+n-p-tang m-(4R+r)+n-p-tang m-(4R+r)+n-p-tang

(4R +1)?
>
~ p(m(4R + )2 + np?)

A
tan= tan24
2 2

Solution: U =Y

5, and from Bergstrém

m(4R+r)+np-tan§ m(4R+1) tan§+np tang tan—

2
(tan?)
> 2
= A A
m(4R+7) Y tan_+np > tanz tan

. A _ 4R A, B
5, since ), tan— = p+r and ), tan—tan— = 1, Q.E.D.

2

12.If x,y € R}, m € R, the in any triangle ABC holds:
A

B c
tanz tan; tanE (4R + r)m+1

+ +
m m m =— mym+1
(x-tanZ+y-tani)  (x-tani+y-tani) (x-tanZ+y-tan3) (x+y)mp
. tana tan™m+14
Solution: U = ZB—ZCTH = Z T B 2 N by Radon

(x tan_+y tan;) (x tan tan_+y tan- tan;)

(Z tan é)m+1

Uz 2

- m
(x+y)m (Z tan % tan g)

4R+1r

Applying Ztan% = and Ztan%tang =1, Q.E.D.

13.If x, y € R}, then prove that in any triangle ABC holds:
tan®> tan” - tanzg 4R + 1
+ +

x-tang+y-tan§ x'tan§+y'tang x-tang+y-tan§_ (x+y)p

A2 A

. . tan®= Y. tan= Y tanz
Solution: From Bergstrém: ), a— (targ) = 2
x tan_+y tan—

= , and
(x+y) Y, tan> x+y

A 4R+T
Ztan;— 5 , Q.E.D.

14. Prove that if x,y € R}, m € R,, the in any triangle ABC holds:

2m+14 2m+1 B 2m+1C
2 tan > 2 - (4R + r)r™

m = 1
(x- cot2+y- cot?) (x +y)mp™

tan tan

+
m m
(x-cot+y-cot?)” (x-cot:+y-cot))

. tanzm“é tanm+1é
Solution: U =, =Y z -, by Radon

m
(x cot5+y cotg) (x cotd c0t5+y cotd cot—)
2 2 22 22

51 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

o (Z an g)m+1

- A B\™
(x+y)m (Z cot- cotz)

. A _ 4R A_ B 4R
Taking account by Ztan; = p+r and ) cot-cot— = %, Q.E.D.

15. Prove that in all triangles ABC the following inequalities holds:

tantan2 3 2
z : - B = 2 2 (a)
mtan; +ntan; (4R+71)>-m+s?- (n—2m)
tan22tan2 3 2
2 2
z B ¢ = 2 (b)
m+ntan25tan25 Bm+n)-s°—2-n-r-(4R+71)
tan22tan2 3 1
Z - B - c= ()
m + ntanztan; 3m+n
tanﬂtan2 52
2 2
Z c= 2 (d)
tan22tan 2 g2
Z AZ : BZ 2 z(e)
mtan; + ntan (m—2n)-s*+n-(4R+r)

2
for any positive real numbers m and n (the notations are usual and the sums are cyclic).

Solution Solution for (a). By Bergstrom’s inequality we deduce that:

2
A B A B A B
tan=tan®— tan®=tan? = (Z tan=tan —)
E 2 2 — E 2 2 > 2 2
A B A A B — A A B
mtan= + ntan— mtan?=+ntan-tan- m) tan’=+n) tan-tan—
2 2 2 2 2 2 2 2
A (4R+71)?-252

. 2
Since, ), tan 2 e

and ) tanétang =1, (a) is proved.

Solution for (b). By Bergstrom’s inequality we deduce that:

2
A B A, B
tan?=tan% = (Z tan=tan —)
E 2 2 2 72
B c2 A B

m+ ntanzgtanzg 3m+ nZtanZEtanZE

s?2-2r%-8

A B R A B .
Because, Y, tan? Etan2 - = = “and ¥ tan>tan— = 1, (b) is proved.

Solution for (c). By Bergstrom’s inequality we deduce that:
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(Z tan’ tanE)2 A B
¢ = 22~ since ), tan—tan— = 1, (c) is proved.
3m+nYtan; tanz 2 2

A B
tan?Z tan?=
2 2

B
m+ntan-tan-
2 2

Solution for (d). By Bergstrom’s inequality we deduce that:

A B A B
tan=tan— tan? =tan? =
E 2 2 E: 2 2 >
c~ A B A B c c =
m+ntan25 mtan;tan;+ntan;tan;tan;tan—

2

2
A, B
(Z tan=tan —)
- 2 72

B mZtan%tan§+n Htan%Ztang

A B A A 4R .
Because, Ztan;tan; =1, ]’[tan; = gand Ztan; = %, (d) is proved.

Solution for (e). By Bergstrom'’s inequality we deduce that:

A B A B A, B\?
tan®?=tan— tan®= + tan® = (Z tan=tan —)
E 2 02 E : 2 2 > 2 92

A B A B B — A B B
mtan- +ntan- mtan;tan5+ntan2; m Ztan;tan;+n2tan25

2 A (4R+1)?
2 s2

Since, Ztan%tang = 1and) tan — 2, (e) is proved.

The proof is complete and we are done.

16.If a, b, c > 0, then prove the inequality:

a?+b%2+c¢2 sinx a+b+c tanx
. + .
3 X 3

>a+b=cVxE (0,;)

Solution

a2+ b%2+c¢? sinx a+b+c tanx a+b+c sinx a+b+c tanx
3 X 3 X 3 X 3 X

a+b+c sinx = tanx T
2 vae(0F) @

X

and

. x3 x3 i
sinx > x—zand tan x >x+?,Vx € (0,5) =

sinx tanx

2
>1-=and
6

X X

>1 +%2,Vx € (0,%).

Hence

sinx tanx

2

x2 x2 T
>2—?+1+?=3,Vx6(0,5) 2)

X

From (1) and (2), Q.E.D.
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17. Prove that in all triangles ABC the following inequalities holds:

C0t2m+1 4 2m+1

(@)

s
Z A B ) B a\™ = m m+1
(x cot> +ytan + ztan-tan E) (Bx+y)s+3zr) r

tan2 tan™+12 g2m
2. 5 G @R 20 5 O
(x tan; + ytan;) y

2m+14
cot - Sm+1

E)"‘ = (x + y)ymrm+1 (b
2

x-tanZ+y-tan

forany x,y,z > 0 and m > 0 (the notations are usual and the sums are cyclic).

Solution: Solution for (a). We apply the inequality of J. Radon and we deduce that:

Z( ; :Z(

A B B c\™
xcot;+ytan;+ztan;tan5)

Cotm+1 é
2

A B A, B, _c\™"™
x+ytan5tan5+ztan;tan;tang)

(Z cot %)m+1

>
A B A
(3x +y2tan5tan5+ 3z ]’[tan;)

. A A, B A .
Using the well-known formulas, Y, cot- = ;,Z tan—tan- = 1 and ]’[tan; = Eand (a) is proved.

Solution for (b). We have:

Cotm+1 é
- Z 2

A B A co\™
(X . tan;- tan5+y . tan;tan;)

A

V=Z(

B c\™
> tan—+y - tang)
and by Radon’s inequality we deduce that:

A m+1
(cot?)
= 2

- m
(x +y)m (Z tan%tan g)

Using the well-known formulas, ) cot% = Eand Ztangtang =1, (b) is proved.

Solution for (c) By Radon’s inequality we obtain that:

A B\™ 2 A A B\™ —
xtan5+ytan5) (xtan E+ytan5tan5)

A m+1
tan2tan™+1 2 (tan Ztan E)
Z 2 2 2 2

54 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

A, _B\?
(Z tan— tan E)

m
(than2§+ yY tan%tan?)

>

A (4R+1)?

. A_ B .
Using the well-known formulas, ), tan—tan— = 1 and Y tan? P 2, (c) is proved and we

are done.
18. Show that in any triangle ABC (with usual notations) the following inequalities holds:
a) (s> + 1%+ 4Rr)*> > 8r(4R +1)(s> —r? — 4Rr)

b) (s> + > — 8R1r)? > 8(8R? + 1r? — 5%) (s2 —4R(R + r))

Solution: For any wy, w,, w3 € R we have:
wWitwi+wZw wy+wy wy+wy,owy (1)
With equality if w; = w, = ws.
Ifm,n,p € R;, then:

?+%+$zm+n+p (2) With equality if m = n = p.

Indeed if in (1) we take w; = /%,wz = /%,w3 = /% yields (2)

If t,u,v,x,y,z € R}, then:

(tx + uy + vz)(ty + uz + vx) N (ty + uz + vx)(tz + ux + vy) N
tz+ux + vy tx +uy +vz

(tz+ux+vy)(tx+uy+vz)

prowy——— >(t+u+v)(x+y+2z) (3)

Indeed if in (2) we take m = tx + uy + vz, n = ty + uz + vx,p = tz + ux + vy yields (3).
Lemma. For any x,y, z € R}, holds:
(xy+yz+zx)? +2(x?+y?*+2°)2 > (x> +y*+z2-)(x +y + 2)* (4)
Proof. In (3) we take t = x,u = y,v = z and we obtain:

(x®2+y? + 22 (xy + yz + zx) 4 (xy+yz+zx)(xz + xy + yz) N

xz +xy +zy x% +y? + z2
xz + xy + yz)(x? + y* + z*
+( y+yz)(x“ +y )2(x+y+z)2
xy +yz+xz
(xy + yz + zx)?

PR +2(x%+y2+2z%) > (x +y + 2)?
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S (xy+yz+zx)?+2(x>+y?+2z2)? > (x+y +2)?(x? + y? + 2z?)
Proof of a) If in (4) we take x = sinA,y = sin B,z = sin C, then:
(sinAsinB + sin B sinC + sin C sin A)? + 2(sin? A + sin? B + sin? C)? >

> (sinA + sin B + sin €)?(sin? A + sin? B + sin?C)  (5)

2_,2_
We use: sin? 4 + sin? B + sin? C = % (6)
2 2
sinAsinB + sinBsinC +sinCsin4 = % (7)

sinA +sinB +sinC = % (8)
By (6)-(8) and (5) we deduce:
(s2+ 1?2+ 4Rr)? +8(s?> —1r? — 4Rr)? > 852%(s®> —r2 — 4Rr)
© (s24+ 12+ 4Rr)?> > 8(s? — 1% —4Rr)(s> —s2 + 12 + 4Rr) =
=8r(4R +1)(s? —r? — 4Rr)
. . 2 A . 2B . 5C
Proof of b). If in (4) we take x = sin >,y =sin”—,z =sin, then:
2

A B B C C A\ A B C
(sin2 > sin? > + sin? Esin2 5 + sin? > sin? E) +2 (sin4 > + sin* 5 + sin* E) >

2
. 4A . 4B . aC\(. 24 . 2B . 5C
> (sm“’ =+ sin*= + sin* —) (sm2 =+ sin? = + sin? —) (9)
2 2 2 2 2 2
2R-1

Using: sin?2 + sin?2 + sin? < = (10)
2 2 2~ 2R

24,2
2é=s+r 8Rr (11)

. 9A . 9B . 2B . oC . oC .
sin? =sin? = + sin? = sin? = + sin? =sin
2 2 2 2 2 2 16R?

LA, . ,C B8R*+1?—5?
Sin E+Sll’l E+Sln E:T

and (9) follows:

(s?2+ 1% —8Rr)? (8R?+71%2—5%)2 B8R +71%2—5%2 (2R—71)?
+2. > .
256R* 64R* - 8R2 4R?

& (s +12—8Rr)2 >8(8R?> +12 —5%)((2R—1)? —8R? —1? +5%) =
=8(8R*+ 12 —5?)(s> —4R(R + 1))
19. Show that in any triangle ABC (with usual notations) holds the following inequalities:
a) (16R* + 8Rr + r* + s?)® > 8s%(16R* + 8Rr + r* — 5%)

b) s* > (4R? + 4Rr + 1% — 25%)(8R? — r? + 45?%)
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Solution: For any wy,w,,w; € R we have:
wit+wi+wZ>w;-wy+w, wy+ws-w; (1). With equality iff w; = w, = ws.

mn np

If m,n,p € R}, then: 7+ -

Indeed if in (1) we take w; = /%,WZ = /%,W3 = /% yields (2).

Ift,u,v,x,y,z € R}, then:

+? >m+n+p (2). Withequalityifm =n = p.

(tx + uy + vz)(ty + uz + vx) 4 (ty + uz + vx)(tz + ux + vy) N

tz +ux + vy tx +uy +vz

(tz+ux+vy)(tx+uy+vz)
ty+uz+vx

>(t+u+v)(x+y+2) (3)
Indeed if in (2) we takem = tx + uy + vz,n = ty + uz + vx,p = tz + ux + vy yields (3).
Lemma. For any x,y, z € R}, holds:
(xy+yz+zx)> +2(x2+y>+22)? > (x*+y*+z25)(x+y+ 2)* (4)

Proof. In (3) we take t = x,u = y,v = z and we obtain:

(x% + y? + z2) (xy + yz + zx) N (xy + yz + zx)(xz + xy + yz) N
xz +xy +zy x% +y? + z2

N (xz + xy + yz)(x? + y% + z2)

> 2
Xy +yz+xz = (x+y+2)

(xy + yz + zx)? g 5
o ATt YLt 22 +2(x*+y“+z°)=2(x+y+2)
S y+yz+zx)?+2(x2+y?+2z2)? > (x+y +2)?(x* + y? + z?)

Proof of a). If in (4) we take x = coszé,y = coszg,z = coszg, yields:

A B B C C A\? A B C\?
27 2" 2" 2 2 27 2 4" 4~ 4_) >
(cos 2cos 2+cos 2cos 2+cos 2cos 2) + (cos 2+cos 2+cos 5) =

2
A B c A B c
> (cos4 >+ cos45 + cos* E) (cos2 >+ cos? S+ cos? —) (5)

By:
A B C _ 4R+r
cos?=+ cos?=+cos’==——  (6)
2 2 2 2R
2A ZB ZB 2C 2C ZA (4—R+T)2+SZ
€O0S“ =C0s“ =+ c0s“=cos“ =+ cos“ - cos“ = = ———— (7)
2 2 2 2 2 2 16R
4 A 4B 4C _ (4R+1)%2—s?
cos*—+cos*—+cos* - =——F— 8
2 + 2 + 2 8R2 (8)
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and (5) we obtain:

((4R +1)? + 5%)? ((4R +1)? — 52)2 - (4R +1)? —s? (4R +1)?
256R* 64R* - 8R2 4R2

© (16R?+ 8Rr + 12 +5%)% >
> 8(16R% 4+ 8Rr + r? — s2)(16R? + 8Rr + r?> — 16R?> — 8Rr —r? 4+ 52) =
= 852 (16R? + 8Rr + r? — 5?)
Proof of b). If in (4) we take x = tan%,y = tang,z = tang, yields:
2

(t At B+t Bt C+t Ct A>2+(t 2A+t 2B+t 2C> >
anz :':11’12 (':11’12 (':11’12 (':11’12 (':11’12 anz anz anz =

2
24 2B 22)( A B E)
Z(tan 2+tan 2+tan > tan2+tan2+tan2 (9)
By:

A B C 4R+T A B B Cc Cc A
tan;+tan;+tan5— . (10), tan;tan;+tan;tan5+tan;tan;— 1 (11)

C _ (2R+r)%-2s2

24 2B 2
n“= nc— n°-=
ta 2+ta 2+ta > -2

(12)

and (9) we deduce:

((2R+1)?—25%)% (2R +71)? —25% (4R +1)?
+2 s = s? Y

& s* > (2R +1)? — 25?)(16R? + 8Rr + 12 — 2(4R* + 4Rr + 1% — 25%)) =
= (4R? + 4Rr + 1% — 25%)(8R? — r? + 4s5?)

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

A FEW LOGARITHMIC INEQUALITIES

By Florica Anastase-Romania and Mohamed Amine Ben Ajiba-Morocco

Abstract: In this paper are presented a few logarithmic inequalities.

Application 1. If [a, b] c R, then prove that:

e T e[ () ] R ey e
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Solution 1: If [a,b] c R, x;, € [a,b],k = 1,n, then

n n
1 + b)?
z Xk Z — < (a +b) -n?,vn € N; (Schweitzer)
X 4ab

k=1 k=1

Forn = 2 and x; = x,x, = y we have:

1 1\ (a+b)? x y (a+b)?
—+—< ;Vx,y € [a,b 2+—+=< ;Vx,y € [a, b];
G+ (p+y) s g Veyelabl o247+ T < vy e ol ()
Integrating (*) w.r.t. x from a to y, we have:
y X y +b2
f (2+—+X>dxsf (@+b) dx ©
a y x @ ab
2_q? a+ b)?
2(y—a)+y 2y +y(logy—loga)s( ab) y-a)e
2_ 2 2
y-—a AN (a+b) _ .
2y +log(a) S(y—a)[ = -2;vy=a; (1)

Now, integrating (*) w.r.t. y from x to b, we have:

b Xy b(a+ b)?
f (2+—+—)dy£f dy
x Yy X x ab

bz—x2<(a+b)2
2x —  ab

b? — x? hn”* [(a+b)2

2(b —x) + x(logh —logx) + (b—x) &

P +log(;) <(b-x) p —2];VXSb2(2)

By adding (1) and (2), we obtain:

b? —x? y?—q? b\* y)y<(b—a+y—x)(a2+b2)

| (—) | = :Vx,y € |a,
+ > +ng +og(a s X,y € [a,b] ©

b? —x? y?-—q? b*yY b—a+y—x)(a®+ b?
Y +log( y><( y —x)( );Vx,yE[a,b]

+ <
2x 2y x*ay ab

. 1 t2-1
Solution 2: Let f(t) = (t = 1) (t +1) = —=—logt,t > 0

We have :
1 1 1 (t-D%(t+1)
"=t+- t—1(1——>—t——=—20,\7't>0.
fO=t+-+-D(1-5 - -

Then f is increasing on (0, o)

Since f(1) =0wehave: f(t) >0,vt >1 and f(t) <0,Vte€ (0,1]
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X

X

since 21 7(2) = (2-1) G+ D) -l m10g(D) 205
—_ - — ) =|-—- — - - —
fnee x f x x x b 2x2 8 x)

bZ_xZ X
o +log(—) <(b—x)<—+3) €Y)
And:E§1—>f(g>=(E—1>(E+X)—a2_y2—log<g)SOng)
y y y y a 2y? y
y - a +log(z)y <(@y—-a) (E+X> (2)
2y a y a

Now, let g(t) = t+%,t >1. Wehave: g'(t) =1 —tlz >0,vt > 1 then

g is increasing on [1, o0)

sice 2 maxfi 221, ten(7)25(5) e o) 20 ()
mcea_maxx,a_ ) en-ga _gx and g =29

or: b+ <b+a_az+b2 @) 4947
r'x “a b  ab an y a

S| R

From (1), (2), (3) and (4) we obtain:

b? —x* y?—a? b\* ;y\Y a? + b? a? + b?
- Z < — . — .
2x + 2y +log ((x) (a) ) =(b-x ab TOo-a ab

Therefore,

,Vx,y € [a, b].

bz—x2+y2—a2+lo b*yY - (b—a+y—x)(a%+b?
2x 2y x*a¥ |~ ab

Observation: Putting y = x in

2 2 2
y —a AN (a +b)
Z) < — _ . > q-
2y + log (a) <(@y—a) [ > 2;vy =2 a; (1)
we get:
x? —a? a+ b)?
2(x —a) + + x(logx —loga) < ( ) (x—a); (2)

2x ab

By adding (1) and (2) it follows the proposed problem by Daniel Culea:

(x+y)(xy — a® Yo xn\® 2+ b*
D e () ()] = ey 207

Application 2. If a, b € (1, ) then:
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(a + b)z" b2 + 2ab\ > (b)
2a a + 2ab a

Proof. In Kurliancik’s inequality

log <b—a+log

2(a+b)]

n i n
i
Z <22a- a; >0
1, 1 1 i Qi
=
we take a; = x;a, = y; a3z = z, then
2xy 3xyz
x + + <2(x+y+2)

x+y xy+yz+zx

2 3yz z
1+—2 Y <2(1+X+—)
x+y x(y+2z)+yz

zZ Z zy z 3
jdx+j dx+f dx<2f 1+ +
y y x+y x(y+2z)+yz y

zy+2z)+yz
yy+2)+yz

<z+y)2y z% + 2yz 3vz - o (z>23’ (2)22
2y y*+2yz SR VY y

and for y = a,z = b it follows the desired inequality.

z+
z—y+2ylog (Wy) + 3yz log[ <2(z—-y)+2ylog (y) + 2zlog (y>

log

Application3.Ifa; > 1,i = 1,n+ 1,n € N* then prove:

.o +1
ZIOg"}l(az% et Qpyq) =N

cyc
AM~GM
Solution: logy (azasz - ... apiq1) = (loga1 a; +logq, as + -+ log,, an+1)n >
=n"-log, a;logg, az - ... logy, ansq
AM~GM
Z loga,(azas - .." nyq) = nnz logq, azl0gq, az " ..."l0ga, Anys 2
cyc cyc
>n"n- n\/loga1 a;loga, ay* ... logs, ans1logg,,, an = nt1
Application 4. 1f a, a,, ...,a,, > 0,n € N,n > 1 then:
Z 1081 1a,0,(1 + a3 ) (1 + ai™™) = 2n
cyc
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Bernoulli
i -
Solution: 1 +a;** =1+ (1 +a;, - D% = 1+a?=>
A+ ) (1+¢") 2 (1+a)(1+a}) = A +aa)? =

Am—-Gm

z log1+a1a2(1 + a;mz)(l + a;+a3) >2 Z logi4a,a,(1 + azas) >

cyc cyc

> Zn"\/H 1091+a1a2(1 +a,a3) = 2n

cyc

Application 5. 1f 0 < a < b < m then:

sinb a sinb
log (sina) = (1 + J%) log <—sin(\/ﬁ)>

Daniel Sitaru

Solution:

l (sinb)>(1+Ja>l ( sinb )
ogl—— | = —\lo

9 sina b 9 Sin(w/ab)
sinb sinb sinb

& log (%) ~ log (W> > \/% log <m>

o <sin\/ab> - Jﬁl ( sinb )
0 - > |=lo
9 sina b 9 Sin(w/ab)

& Vblog(sinVab) — Vblog(sina) = Valog(sinb) — Valog(sinVab)

& (Va +Vb)log(sinVab) = valog(sinb) + Vblog(sina)

Va

Va ++b

=3 log(sin@) > log(sina); (1)

_ Vb
log(smb)+\/a+\/5

We have:

\/E \/E logt—concave
log(sinb) + log(sina <
it g(sinb) N g(sina)

\/a \/a _ sint—concave (0,)
0g sina

S
S

<l sinb + <

Va ++b Va ++b B

< log (sin (%)) = log (sin(\/%)) ; (2)
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From (1),(2) it follows that:

sinb a sinb
log (sz%) > (1 + \/%) log <—sin(\/ﬁ)>

Application6.Ifa; >1,i=1,n+1,n €N then:

n 2n"
logg, (azas - .- apyq) - logala%ag_m_ai*l a; > 3
cyc
Solution.
Cebdsev
logh (ayas - ..mapy1) " log, ,242. .42 Q S
a, \U2U3 " " Ungg a1a5a3°.-apq 1 =
cyc
1 n
2 E Z lOga1 (aza3 - ..." Apy1) Z logala%ag-...-a%*l a, ey
czc cyc
AM—GM
n _ noQ
logg, (azas - ..." apnyq1) = (loga1 a; +logg, as + -+ logg, an+1) >
=n"-log,, a;logg, az - ... logy, aniq
AM—GM
-
Z logg, (azas - .- apyq) = nnz loga, az logg, as - ... logg, Ay =
cyc cyc
n — n+l
>n"n- \/loga1 alogs, a, - ... logg, aniilogg,, an =n" 2)
% S s
(0] 2.2, .42 a; = =
Yaraia}-.ap, M Ina; + 2(lna, + lnaz + -+ lna,,4
cyc cyc
In%a,

= >
Z In?a; + 2(lnaylnas + -+ + lnaylna, 1) —
cyc

- (Inay + lnay + -+ + Ina, 11)?
~ Ina, + Ina, + -+ + In%a,, ., + 4(Ina,lna, + lnaylnas; + -+ + lna, ., Ina,)

2
> -
3
Ina, + In%a, + -+ + In%ap4q = lnaylna, + naylnas + - + naylna,,;  (3)
From (1,2,3) we get the problem.

Application 7. If x; > 1,Vi = 1,n; n € N,n > 3 then prove:

logx, N logx; logx, - log'/x;x5 ... x,
log?(x%x;) log?(x3x3x3) log?(x3x3 .. x2_;x,) ~ logx; - log(x1x3X5 ... xp)
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Solution:
a, as a, +as
+ =
a;(ag +ay)  (a; +az)(ag +a,+az) aq(ag+ay+asz)
WLOG suppose:
a, as an

+ + oot
a;(ay +ay)  (a; +az)(ag +a, +as) (ag+az+-+apq)(ag+ay+ -+ ay)
a2+a3+"'+an

= =
al(al + az + tee + a‘l’l)

a, as an
+ + oot
a,(a; +ay) (a1+a2)(a1+a2+c(113) (ag+az+-+ap1)(ag+ay+-+ay,)
n+1

+ =
(a1 +a; +-+ap)(ag +az + -+ ani1)

a2+a3+"'+an an+1

T a(agta,ttay) (aptaytotay)(agta;totaney)

_(aptaz+--+ a)? +a(ay +as+ - +a,) +ap(a, +az+ -+ ay) + a1an41 _
B (ag +ay +-+a)a(ag +a, +-+aysq) B

_ a2+a3+"'+an+1
a;(a; +az + -+ anyq)

1
xy = (x+y)?

From (x + y)? > 4xy = we have:

a 4a
2 > 2

a;(a; +a;) ~ (2a; +ay)?

as - 4a,
(a; + ay)(a; +a, +a3) ~ (2a; + 2a, + a3)?

a, - 4a,
(a+az +-+ap_1)(ag +a; +-+a,)  (2a; +2a; + -+ 2a,_1 + a,)?

Adding up relationships, we have:

4a, 4as 4a,
+ + ot <
(2a; + ay)?  (2aq + 2a, + a3)? (2ay + 2a, + -+ 2a,_1 + a,)?

a, as an

< + + ot
a,(a; +a;)  (a; +ay)(a; +a; +asz) (a; ta; +-+ap_1)(a; +a+-+ay)
a2+a3+"'+an

= =
al(al + az + .-+ an)

a; as an

+ 4ot
(2a; + a,)?  (2ay + 2a, + a3)? (2ay + 2a, + -+ 2a,-1 + a,)?
a2+a3+"'+an

<
- 4a1(a1 + az + tee + an)
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For:a, = logxy; a; = logx,; ...; a, = logx, we get:

logxs logx, - log’/x;%5 ... Xy

logx,
log?(xx;)  log?(xix3xs) l0g?(x% X 1%n)  logxs - log(xyazx; - xy)

Application 8. For x,y,z > 2 prove:

2 2 2\ 3
log<(3+x) (3 J;y) 3+2) ) SZ(x2+8)sing

cyc

Solution: If x > 2,thenZ < Z tanZ>Z%> 2
X 2 X X X
m (N SR %2
COos™— = =
2 2 2 2
X 1+tan®— 1+(§) 1+(§) x“+9

3
Ero

.
& sin— >
X

t
log(1+1t) < Yt > 0;(2)
+t

8 + x2 log(9 + x?2) 1
t=x%+8;(2) =1log(9+x?) < = < ;(3)
& V9 + x2 8 + x? V9 + x2

From (1), (2), (3) it follows that:

IA

log(9 + x? 1 1 n 1 n
8( ) < §sin; < log(9 +x2) < §(x2 + 8) Sin;

8+x* T \o+x2

(3 + x)? 1 i
< — 2 in —
log< > _3(x +8)smx

Therefore,

2 2 2\ 3
WIS RIS e

8

Application 9. If a, b, c > 1, then:

Z 10gars(1+ b ) (1 + 1) > 6(a+ b)P(b + €)%(c + a)P—*
cyc

aa+1 — (1 +a— 1)a+1 > a2

bb+1 — (1 +b— 1)b+1 > b2

Solution. From Bernoulli’s inequality, we have:
CC+1 — (1 + c— 1)C+1 2 CZ

(T+b2) A+ M) = (1 + b2 +c?) = (b +¢)?

{(1 +a® (1 +bP*) = (1 +a®)(1 + b?) = (a+ b)?
A+c™HA+a* ) > A+ +a?) = (c+a)?
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z 10gass (1 + Y1) (1 + c+1) > z 10gasn(b + C)2 =

cyc cyc

Am—-Gm
- zz logasy(b+c) S 6 i/l_[logaﬂ,(b v =6 (i)

cyc cyc

L x¥yYz? > xfy* 2y Vx,y,z> 1o (z—x)inx+ (x —y)lny+ (y —2)Inz <0

Chebyshev's
If1<x<y<z->(Inx<Ilny<Ilnz,z—-x>x-y) >

(z—x)nx + (x —y)lny < %(z —y)In(xy) = (z - y)ln\/x_y

SZz—x)x+x—-—y)ny+ (y—2z)lnz<(z - y)ln\/x_y + (y—2z)lnz =

7 g

=@-y)in—
Fromix=b+c,y=c+a,z=a+b->(a+b)°Pb+c)*(ct+a)’™@<1 (ii)

From(i), (ii) it follows that:

> 10gasy(1+ 5P )(1+ ) 2 6(a+ b (b+ % (c + )

cyc

Application 10. Let a; € (1,),i = 1,n,n € N,a; + a, + - + a,, = ne*, then:

\/loga‘{‘2 +logay® + - +logai™ + -+ \/logazl +loga,? + -+ log a,"*

< 9n?
Solution:

Jlog aji? +logal® + - +logai™ + -+ Jlog ayt +logay? + -+ loga,™* =

CBS

=J(az+az+-+ayloga, +++(a; +a, ++a,_1)loga, <

CBS
< J(ag+tag+-ta)+-+(a+a;++an,):
+a;+ o+
= \/(n - 1S, - \/log(alaz Caet Qp) < \/(n - 1S, - \/log (a1 2 n
S.
=/(n—-1)8,- ’n-log(f) =J(n—1Dne* Van =2ne? -vn—-1<
-1+1
< 2ne? nT =n?e? < 9n?
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ABOUT AN INEQUALITY BY CHUYEN HA NAM-I

By Marin Chirciu-Romania

1) If a, b, c > 0 such that abc = 8 then:

a b c ( 2, b2y 2)
ac+4  abt4 bc+4_16a ¢

Proposed by Chuyen Ha Nam-Vietnam

Solution. Lemma. 2)Ifx,y > 0, then L < 1 (l + 1)
x+y 4 \x y

1 1(1, 1 .
Proof. pes < Z(; + ;) & (x —y)? = 0, equality holds when x = y.

Let’s get back to the main problem. Using Lemma, we get:

LHS—Z a <1 <1+1>_1Z(1+a)_121+1z _
T liac+4-2L e Td) T e L \e ) T e a6 LT

cyc cyc cyc cyc cyc
1 Zbc+1z Zb L1 (21 2 1 1 Z
% abc 16 a_ ¢ =325 T162 ~ 16
cyc cyc cyc cyc cyc cyc

= RHS,where (1) it follows from ¥bc < Ya? and Ya < %Zaz, true from

Z Chebyshev 12 Z AM GM Mza_\/—za_zz

cyc cyc cyc cyc cyc cyc
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Equality holdsifand onlyida = b = c = 2.
3)If a, b,c > 0 such that abc = 8™, n € N then

a b c

+ + < a? + b* + ¢?
ac+4" ab+4™ bc+ 4" 23"+1( )

Proposed by Marin Chirciu-Romania

. 1 _1(1 1
Solution. Lemma. 4)If,y > 0, then pores <3 (; + ;)

1 1/1 1 .
Proof. P < Z(Z + ;) & (x — y)? = 0, equality holds when x = y.

Let’s get back to the main problem. Using Lemma, we get:

LHS—Z a <1Z (1+1>_1z<1+a>_121+ 1 Z _
“liac+ar 2L Nac ") T2 L\ T ) T i T LT

cyc cyc cyc cyc cyc
1 Yhe 1 11 1 ® 1 , 1 , 1 ,
~ % abe +4n+1za :Z's_nzbc+4n+12a = 23n+zza +23n+zza zz_nza
cyc cyc cyc cyc cyc cyc
— RHS

where (1) it follows from Ybc < Ya? and Ya < %Zaz, true from

Chebyshev 1 AM—-GM
Zaz > §Za-2a > 3Vacha=§/§Za=ZZa.

cyc cyc cyc cyc cyc cyc

Equality holdsifand onlyifa = b = ¢ = 2™,

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY FROM SAUDI ARABIA MATHEMATICAL COMPETITION

By Marin Chirciu-Romania

1) Ifa,b,c > 0then
a/3a2 + 6b2 + by/3b% + 6¢2 + c/3¢2 + 6a% = (a+ b + ¢)?

Saudi Arabia Mathematical Competition

Solution: av3a? + 6b% + bV3b2 + 6¢2 + cV3c% + 6a2 = (a+ b +¢)?
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& av/3a2 + 6b% + by/3b2 + 6¢2 + /3¢ + 6a% = a? + b% + ¢% + 2ab + 2bc + 2ca
(a\/m—az—Zab)+(b\/3b2——|-6c2—b2 —2bc)+(c\/m—cz—26a) >0
a(v3a2 +6b% — a—2b) +b(v3b? + 6c2 — b — 2c) + ¢ (\/3c2 + 6a2 — ¢ — 2a) 2 0, (1)

which follows from: V3aZ + 6b2 —a — 2b > 0 © V3aZ + 6b2 = a + 2b &
3a% + 6b? = (a + 2b)? © 2(a — b)? > 0. Equality holds for a = b.
SimiIarIy,\/m—b—ZczOandm—c—ZaZ0

Remark. The problem can be developed.

2)ifa,b,c=0andx>1,y > 4,xy = 4x + y then:

a\/xa? + yb? + b\/xb? + yc? + ¢y/xc? + ya? > (a + b + ¢)?

Marin Chirciu

Solution: a\/xa? + yb? + b\/xb? + yc? + c\/xc? + ya? = (a+ b +¢)? &

ay/xa? + yb? + b\[xb? + yc? + c\/xc? + ya? = a* + b% + % + 2ab + 2bc + 2ca &
(ay/xa? +yb? — a? — 2ab) + (by/xb? + yc? — b? — 2bc) + (cy/xc? + yaZ — ¢ — 2ca) 2 0
a(yxaZ+yb? —a—2b)+b(Jxb2 + yc? — b — 2c) + ¢ (Yxc? + ya? — c — 2a) = 0; (1)

Inequality (1) it follows from: \/xa2 + yb? —a — 2b > 0 & \[xa? + yb2 > a + 2b &

xa? + yb? > (a + 2b)? & xa? + yb? > a? + 4ab + 4b* &

2
(x —1a? —4ab+ (y —4)b* = 0 & (avx — 1 — b\/y —4)" = 0, which is true from conditions
x2lyz4xy=4x+ye x-1)y-4) =4

Equality holds for avx — 1 = b,/y — 4.
Similarly, \/xb? + yc2 —b — 2c¢ = 0 and \/xc? + ya? —c — 2a = 0 = (1) —true.
Note.For (x,y) = (3, 6), we get problem Saudi Arabia Mathematical Competition, 2020.

3)Ifa,b,c = 0 then:

ai/9(a3 + 2b3) + by/9(b3 + 2¢3) + ¢/9(c? + 2a3) = (a + b + ¢)?

Marin Chirciu

Solution: a3/9(a3 + 2b3) + bi/9(b3 + 2¢3) + ci/9(c3 +2a3)>(a+b+c)l e
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ai/9(a3 + 2b3) + bi/9(b3 + 2¢3) + ¢3/9(c® + 2a3) = a? + b% + ¢? + 2ab + 2bc + 2ca &
(a3 9(a3 + 2b3) — 2a® — Zab) + (bi/w - b%— 2bC) + (03 9(c3 + 2a3) — 2¢% - ZCa) >0
a(W—a—Zb)+b(3 9(b3+2c3)—b—2c)+c(3\/m—c—2a) > 0: (1)
which follows from: W —a—-2b>20&
9(a® +2b3) = a+2b © 9(a® +2b3) = (a +2b)° &
4a3 — 3a?b — 6ab? + 5b%> > 0 © (a — b)?(4a + 5b) > 0. Equality holds for a = b.
Similarly, 3/9(b3 + 2¢3) — b — 2c > 0 and 3/9(c3 + 2a3) —c — 2a > 0.
Equality hold if and only ifa = b = c.

4)Ifa,b,c = 0 then:

a\/27(a* + 2b*) + by/27(b* + 2¢*) + ¢\/27(c* + 2a*) = (a + b + ¢)?

Marin Chirciu

Solution: a’/27(a* + 2b%) + b3/27(b* + 2¢*) + c3/27(c* + 2a*) = (a+ b +¢)? &

ay/27(a* + 2b*) + b3/27(b* + 2¢*) + ¢3/27(c* + 2a*) = a? + b? + c? + 2ab + 2bc + 2ca
o (a‘{/m —a?— 2ab) + (b‘* 27(b* + 2¢%) — 2bc) + (c‘* 27(c* + 2a%) — 2ca) >0
a(‘i/m—a—%)ﬂa(“ 27(b4+2c4)—b—2c)+c(‘i/m—c—2a) >0,
which is true from m —a—2b=20¢&
127(a* +2b%) = a + 2b & 27(a* + 2b%) = (a + 2b)* &
13a* — 4a3b — 12a?b? — 16ab® + 19b* = 0 © (a — b)?(13a? + 22ab + 19h2?) = 0
Equality holds fora = b
Similarly, 1/27(b* + 2c*) — b — 2¢ > 0 and /27(c* + 2a*) —c — 2a > 0.
Equality holds ifand onlyifa = b = c.

5)Ifa,b,c > 0andn € N,n > 2 then:

a’/3"1(a® + 2b") + b3 1(b" + 2¢™) + ¢y/3"1(c" + 2b™) = (a + b + ¢)?

Marin Chirciu

Solution: a7§/3"‘1(a" +2b") + bT{/3"‘1(b" + 2c™) + c’VS"‘l(c" +2b") >(a+b+c) o
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a’y/3n"1(a" + 2b™) + b'\/3""1(b" + 2c™) + /3" 1(c™ + 2b™)
>a?+b%+c?+2ab+2bc+2cae

(a¥/371(@" +2b™) — a? — 2ab) + (b3/37 (b + 2c™) — 2b? — 2bc) + (/372 (™ + 2b™) -

c?— ZCa) > 0, (1) which follows from

a’y/3""1(am + 2b™) — a® — 2ab = 0 & ai/3""1(a" + 2b™) = a? + 2ab &

3""1(a" + 2b™) = (a + 2b)" &

a™+2b™  /a+2b\"
3 > ( 3 ) (Jensen).

Equality holds for a = b.

Similarly, b\/37=1(b™ + 2¢™) — 2b? — 2bc = 0 and /3" 1(c™ + 2b™) — c? — 2ca = 0.
Equality holdsifa = b = c.

Note: For n = 2, we get Problem 2, Saudi Arabia Mathematical Competition, 2020.

ABOUT RECURRENCE RELATIONSHIPS FOR REAL NUMBER SEQUENCES-(1V)
By Marian Ursarescu and Florica Anastase-Romania

Abstract: In this paper are presented few special techniques for recurrent limits.

Ap.1) Find:

1-Vi+22-Y1+22-...-V1+ 2
Q, =lim 5 ,meN
x—0 X

Solution. Let be f,.(x) = V1 + x2,k € 2,n,n € N, then

2x
k(1 + x2)k-1

1—VI+xZ2-V1+x2-..-V1+x2
Q, —lln’(l) > =
x— X

1 —[Tg=2 fi () — lim 1- nsz(x))'
2 x—>0 2x

fe(x) =

= lim
x—>0 X

o (ITk= sz(x)) fex) 1
R A S a— hm[ﬂka Z( x fk(x)>]

71 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch

2022

Ap.2) Find:

. 1—cosx-cos2x-.. cosnx .
Q, =lim 5 ,nEN
xX—0co X

Solution. Forn = 1, we have:

2 X X

1—cosx 2sin ;7 1 sinz 1

O =lim ———=lim >— =7 lim =
x—0 X x->0 X 2 x>0

Now, we have:

(1 —cosnx)cosx - cos2x - ...-cos(n — 1x
Q,—Q,_1 =lim > =
x—0 X

. g nX 2 . nxy 2 2
. 1—cosnx I 2sin 5 n I simn—- n

= lim———— = lim———= = —Iim =—
x—0 x2 x—0 x2 2 x-0 nx 2

2

2
n
Hence, O, — Q,,_1 = PX Therefore,

( a0 _q 22

27 8é1 — 7

32

O —Q, = —

1 i3 2=
L'Q'n -y = 7

By adding, we get:

22432+ +n? nn+1D2n+1)
anﬂl_l_ 2 = 12

We'll prove using the mathematical induction.

1-2-3 1

P(1):0Qy =—

We consider P(n — 1): Q,_; = _ (-Dn@n-1)

5 to be true. Thus, from Q, — Q,,_1 = —

2

n n—1Dn2n-1) n? n@n?+3n+1) nnh+1DQC2n+1
weget:Qn=Qn_1+——( n )+_— ( )= ( )( )

2 12 2 12 12

Therefore,
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_nn+1)(2n+1)

" 12
Ap.3) Find:
. nlx"—sinx-sin2x- .. sinnx i
ﬂn—kl_l)l(} ) ,meEN
Solution. For n = 1 we have:
Q =1 x—sinx 1
1= x3 6
. nx-sinx-..-sin(n —1)x —sinx - sin2x - ... - sinnx
Q, —nly,_4 = }Cl_r)r(l) s =
~ sinx sin2x sin(n—1)x = nx—sinnx
= lim . Aim———m—— =
x-0 X X X x-0 X
— (- D n—ncosnx i nsinnx | n?
= 'xl—I;% 3n? B n'xl—r}(lJ 6n v 6
nZ
Hence, O, = nQ,_4 +n! oy
Let P(n): @, = "2 (n 4 1))
Py, = L3721
T 36 T 6
(n-1)(2n-1)n!
Suppose that P(n): Q(n — 1) = — e then
m—-1)@2n—-1Dn! n?n! nln nnn+1)2n+1)
O, = = -1D(@2n—-1 6n| =
n 36 G 3¢ (= D@n—1) +6n] 36
Ap.4) Find:
. nlx"—tanx-tan2x-..-tannx .
Qn—!cllr(} T ,NEN
Solution. Let us denote:
n
_tankx_l_ 1o 1
filw) == lim £ = 1= lim | [ £t =
k=1
1 n tankx n tankx
— k=1 k=1 -
—limn!x"  —— kX 1L kx
O, }Cl_r%n.x ) n! )1(1_[)1(1) ")
iy & B ) — 1 og [Ty fie ()
"x-0 log[Ti=1 fie(x) x?
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n

n
log[Tg—q fr(x) Y log fi (x) _ k?
But: lim —————= = lim —_— = —, where
x—0 x?2 x—0 x?2 3
k=1 k=1
| 1ogfiC) | log(l+ i)~ D fi =1 tankx—kx _
o x2 x% fie(x) —1 T xz TN ks B

P tankx —kx k h
S~ R K

I tanx —x 1
im——m—=—
x>0  x3 3

Therefore,

n!x™ —tanx - tan 2x - ...~ tannx n! i 2 | nn+1)2n+1)
= =-n!-

Ap.5) Find:

Ap.6) Find:

Ap.7) Find:

{1, = limy X2 3 18
=1

o nlx®—sin"lx-sin"12x- .. -sin"1nx .

Qn=!{1_r)l(} ) ,MEN

o nlx®—tanlx-tan"12x- .. - tan 1nx .

Q, =lim ,MEN
. o nlx®—log(1+x)-log(1+ 2x) - ...-log(1 + nx) .
Q, =lim ,meN

Solution. Let us denote:

log(1 + kx)

fk(x) = kx ’

n
thenlim f(x) = 1 and lim nfk(x) =1
x-0 x—0 )

n!x™ . log(1 + kx) elo8llk=1 /() _ 1
= |i —_ —_ | ==l 1 =
fn 9lc1—r>1(l) xmHl 1 ﬂ kx v }51—13(1) x

n

gy E B K 1 log e o) S log f (x)
© x>0 log[Ig; fi(x) x L0 x
log(1+kx)
But: Ii logfi(x) = log+fi(x)-1) fri(x)—-1 = —p - — -1
ut: lim = lim . = lim =
x-0 X x—0 fi(x) —1 X x—0 X
ki loghx —kx  k
T (k02 2
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Therefore,
Q =1 nlx"™ —log(1+x) -log(1 + 2x) - ...- log(1 + nx) _ | - ky 'n(n+1)
=l =) (-3) =n=
k=1
Ap.8) Find:
Cnlx"—(e*-1D(e*-1) .- (™ -1) .
any_r)% T ,meEN
Ap.9) Find:
~ nltanx- tan’z—c- ...-tan%—x“
ankl_r)x(} ) ,neN
Ap.10) Find:
~ 1—coshx-cosh?2x - ...- cosh® nx
Q, =lim 5 ,n € N*
x—0 X
Solution. We have:
n_ coshfkx —1 3 eloglli=scoshx _ 1 3 eZk=1klogcoshkx _ q >n_, klogcosh kx
x? B x? B "=y k log cosh kx x?
y klogcoshkx y klog(1+ coshkx —1) coshkx—-1 k )2 - k3
20 x2 T x50 coshkx —1 k2x2 2 2
~coshx—1 1
Because: lim ———= -
x—0 X 2
Therefore,
1 —coshx - cosh?2x - ...- cosh™ nx n?(n+ 1)>?
Q, = lim = —
x—0 x2 12
Ap.11) Find:
. n!x" —sinhx-sinh2x- ...- sinhnx
Q, =lim
Ap.12) Find:
~ coshx - cosh2x - cosh2%x - ...- cosh 2"x — e’
Q, =lim 5 ,neN
x—0 X
Ap.13) Find:
a,a; - .. a,x" —triga,x - triga,x - ...- trig a,x
ﬂn=lim12 n ga, ga; gn,aiE]R*,
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i = 1,n, where trig € {sin, tan, sinh, tanh}

Solution. Let us denote trig a;x = f(a;x)

trig t t
lim g = lim& = 1. We have:
t-0 t t-0 ¢t
. . n _ f(aix) . . flanx) lOan= M
y a1y - ...t ApX (1 ax " agr )_ ; e k=1"qpx -1
lim S = —,0z - ...” G lim - =
n flagx) flagx)
=—a.a a limelognk:1 “r —1 log 1};1?:;
I I e (@x) 2
0 Jog [Ty, Lok x
f(agx) flagx)
logITi=1 =, kerlog=
. k . %
lim = lim ——%  —
x-0 x2 x—0 x2
(13 a2, 7 € sinh,sin)
f(agx) —Z ar, sinh, sin
Slog(1+5 1) o —aw , |64
= lim . ‘ap = n
x—0 flagx) -1 (akx)3 1
k=1 agx |§Z a2, f € {tan,tanh}
B4
Ap.14) Find:
n
(g) —cosx-cos™12x:..-cos 1nx
Q, = lim ,neN*
n—-oo X
Solution. We have:
T -1 n—1
a0, ="0  +limz——0 ™ 1_[ n-1Dx =
n =58 lim . | ) cos™(n x =
T
yix T\~ 1 =Y =t T\ 1 T T\ 1
==Q, {1+ (= - lim 2 =—Q _,+lim—2—. (= n==Q, 1+n(=
2t (2) yl_,gcosy 2- ylgsin G_y) (2) 27t (2)

Hence,

n

2\" 2\""' 2n 2 .
(E) Q,=Q,1 (E) + - Denote w, = (E) Q,,¥Vn € N*, then

n n-1 n
2n 2 2
Wp = Wp_q +?,Vn2 2.Hence,z W, = Zwk +E2k=>wn = w, +E(2+3+---+n);(1)
k=2 k=1 k=2

s -1 T

2 ~ZF—csx 2 o=y 2
w; =—-lim*~—=—"-lim =—;(2)

T x-0 x T y-2Cosy T
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2 n(n+1) T\l nn+1)
W+ @)Dy =———— :“"‘(E) -——
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ABOUT AN INEQUALITY BY WALTER JANOUS-I

By Marin Chirciu — Romania

1) Show that:
Z atanA = 10R — 2r

for any acute triangle ABC, where a, b, c are its sides, R its circumradius, andr its inradius,
and the sum is cyclic.

Proposed by Walther Janous, Ursulinengymnasium, Innsbruck, Austria.
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Solution We prove the following lemma:

Lemma.
2) In AABC the following relationship holds:
Z tand = 2 (4R +1)(2R + 1) — 5%
atanA = 2r -
s2 — (2R +1)?
. sind _ sin?4 _ 1-cos?A _
Proof. We have Y, atan A = ), 2R sin A - i ZRZm = ZRZW =

2 2_ 2 —g2
2RY ( L 1) == 2R} (M - 1) =2r- w, which follows from the known

cosA s2—(2R+r1)? s2—(2R+71)?

. L. , 1 s?24+r2—4R?
inequality in triangle = ,
q y g Z cosA  s2—(2R+71)?

Let’s get back to the main problem.

Using the lemma the inequality can be written:

2
2r - % > 10R — 2r © r(4R +)(2R + ) + (5R — ) (2R + r)? > 5Rs?, which

follows from Gerretsen’s inequality s* < 4R? + 4Rr + 3r? and the observation that in the acute
angled triangle s> — (2R + r)? > 0, which assures the elimination of the denominator from the
above inequality. It remains to prove that:

r(4R +7r)(2R + 1) + (5R —1r)(2R + 1)? = 5R(4R? + 4Rr + 3r%) © R > 2r, (Euler’s inequality).
Equality holds if and only if the triangle is equilateral.

Remark Let’s strength the above inequality:
3) In AABC the following inequality holds:
YatanA > xR + (18 — 2x)r, where x < 18
Marin Chirciu

Solution Using the Lemma the inequality can be rewritten:

(4R +71)(2R + 1) — 52
ZatanA=2r- ST— 2R+ 12 >xR+ (18 - 2x)r

© 2r(4AR +1)(2R + 1) + 2R + 1)?[xR + (18 — 2x)r] = s?[xR + (20 — 2x)r]

which follows from Gerretsen’s inequality s> < 4R? + 4Rr + 3r? and the observation that in the
acute-angled triangle s> — (2R + r)? > 0, which assures the elimination of the denominator in the
above inequality. It remains to prove that:

2r(4R +1)(2R + 1) + (2R + 7)?[xR + (18 — 2x)r] = (4R? + 4Rr + 3r?)[xR + (20 — 2x)r] &

© 4R?+ (2—x)Rr + (2x — 20)r2 > 0 © (R — 2r)[4R + (10 — x)r] = 0, obviously from Euler’s
inequality R = 2r and the condition x < 18, which assures [4R + (10 — x)r] = 0

Equality holds if and only if the triangle is equilateral.
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Remark 1. For x = 10 we obtain Problem 1424 from Crux Mathematicorum Vol. 15, No.3 March
1989, Walther Janous, Innsbruck, Austria.

Remark 2. The best inequality having the form 2) it is obtained for x = 18. In this case we obtain:

4) In AABC the following inequality holds:
Z atanA > 18(R—r)

Marin Chirciu

Remark 3. Inequality 4) is stronger then inequality 1)
5) In AABC the following inequality holds:

ZatanA >18(R—1) = 10R — 2r

Solution See inequality 4) and 18(R —r) = 10R — 2r & R > 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT AN INEQUALITY BY TAN TEY TAN-I

By Marin Chirciu — Romania

1) If x,y,z > 0 then:

U1

4 y + z + 8xyz
2y 2z (x+y)(y+z)(z+x)

Proposed by Tan Tey Tan-China

Solution: Using the means inequality:

LHs = X+ y + z + 8xyz Z 8xyz
2y 2z @+NG+DE+0) 24y [x+y)

O R R e S e

x+y 8xyz 3AgM z:/x+y y+z z+x 8xyz

3 5
- =4--===RHS
2y 2z 2y TNO+2) 2 2

H(Y+Z) 2 -
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Equality holds if and only if x = y = z. Remark:The problem can be developed.

2)Ifx,y,z > 0 then:

y z t 16xyzt

5+Z+E (x+y)(y+z)(z+t)(t+x)_3

Marin Chirciu

Solution: Using the means inequality we obtain:

y z t léxyzt l6xyzt
LHS = —+ 2 + = +o—+ Z
2y 2z 2t (x+y)(y+z)(z+t)(t+x) 2 y H(x+y)
1 (Z x + y 4) 16xyzt Z x+ y 16xyzt
2 y Mx+y) 2 H(x Ty)
x + 16x AGM x + + +t t+x 16xyzt
_ }’+ yz _2255 y yrz z ) ) yz _9-5_72-3
2y [T +y) 2y 2z 2t 2x  Jlx+y)

= RHS
Equality if and only if x = y = z = t. Remark: The problem can be developed.
3) If x4, x5, ..., X, > 0 then:

X X X 2"x1Xy ... X 1
4 2+---+ a 12 n >1+-n
2x, 2x3 (x1 + x3)(x3 + x3) ... (X, + Xx1) 2

Marin Chirciu

Solution: Using means inequality we obtain:

X1 Xy Xn 2™ X% .. X
LHS = ——+ =+ +——+ =
2x,  2x53 2x; (a1 +x2) (x5 + x3) . (xy + x1)
Z 2" 27x1%Xp - Xn _
H(x1 +x5)
1 (Z X1+x ) 42X X 23Xy Xy Xy Z X1 +x 0t 2"x1%5 .. X _
2 X3 [1Cx; + Xz) 2 M0q +x2)
2" 1 AGm
_ x1+x2+ X1X5 xn__n g
2x, [T +x) 2
n+1 Xy + Xy, Xy + X Xn +x1 2™X1Xy ... X 1 1
>(n+1) |=—=2.2 3, L 4 1—n=1+-n=RHS
2%, 2x3 2x4 [TCx; + x3) 2 2
Equality holds if and only if x; = x, = -+ = x,,.

Note: For n = 3 we obtain the proposed problem by Tan Tey Tan in RMM 10/2020.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-WWW.SSMRMH.RO
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ABOUT AN INEQUALITY BY MARIAN URSARESCU-(XIX)

By Marin Chirciu-Romania
1) In AABC the following relationship holds:

Zma S 27
a’? ~ 4(4R+71)

cyc

Proposed by Marian Ursdrescu-Romania

Solution. Lemma 2) In AABC the following relationship holds:

Proof. Using Tereshin inequality, we get:

b%+c?

ma>z o _1zb2+cz>1 3 ’g 27T+6r2 ~
a2 ~ a? 4R a2 “ 4R 8 R 2T ) =
cyc cyc cyc
= (- hich follows f
" 32R R R2 |’ which follows from
Z b? + c2 3 6 + s*(r2 — 12Rr) + s2r2(24R? + 8Rr — %) — r3(4R + r)3 i
a? 8R2r2s2 =
cyc
; r3(4R +71)3
~ 8R2r2 [54 + 5%2(r? — 12Rr) + r2(24R? + 8Rr — 1r?) _(5—2)] _

73(4R + 1r)3] Gerretsen
— 7 >

[52(52 + 712 —12Rr) + r2(24R%? + 8Rr — 1r?) — 7

8R2r2

r3(4R +1)3
l(16Rr —5r2)(16Rr — 57% + 2 — 12Rr) + r?(24R? + 8Rr — r?) — E(T-w)z) =

> —
8R2r2
R+r

[(16Rr — 572)(4Rr — 41%) + 12(24R?> + 8Rr —12) —12(R+1)(4R +1)(4R + 1)] =

~ 8R2r2
= 8_11?2 [(16R —57)(4R — 41) + (24R*+8R —1%) — (R+1)(4R + 1)] =
= 8_I1?2[64R2 — 64Rr — 20Rr + 2072 + (24R% 4+ 8Rr —12) — 4RZ — S5Rr — 2] =
81 NEW EDITION ROMANIAN MATHEMATICAL
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84R?> —81Rr +18r%? 3 27r  6r?
= =—(28——+—
8R2 8 R  R?
Let’s get back to the main problem. Using Lemma, it follows that:
E_Zma> 3 (g 27r+6r2 O 27 L
~ ZLuia? T 32R R R?) ™ 4(4R+1r)

cyc

27r 612

e <28 -——+ © 40R3 —80R?*r —3Rr’+6r3 >0 &

2 J—
R  R? > 4(4R + 1)
(R — 2r)(40R? — 3r?) > 0, which is obviously true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral. Remark. Inequality can be much stronger.
3) In AABC the following relationship holds:

Zma - 3 )8 27r+6r2
a’? — 32R R R?
cyc

Marin Chirciu

Solution. Using Tereshin inequality, we get:

b%+c?

Zma>z 4R _1zb2+c2>1 3 )8 27T+6r2 ~
a2 ~ a? 4R a2 “ 4R 8 R 2T ) =
cyc cyc cyc
I hich follows f
B 32R R RZ |’ which follows from
sz + ¢? _ sé + S4(‘r‘2 — 12Rr) + S2T2(24R2 4 8Rr — T‘z) —r3(4R +r)3 i
at 8R2r2s2 =
cyc
; r3(4R +1)3
= 3R%2 [54 + 52(r% — 12Rr) + r2(24R% + 8Rr — 12) — %] _

73(4R + 1r)3] Gerretsen
_— >

[52(52 + 712 —12Rr) + r?(24R? + 8Rr — 1r?) — 7

- 8R2r2

1 r3(4R +1)3
> SRZ2 (16Rr — 5r2)(16Rr — 52 + r?2 — 12Rr) + r?(24R? + 8Rr — %) — —ar | =

R+1

= 8R%2 [(16Rr — 5r2)(4Rr — 4r?) + r?(24R* + 8Rr — ) —=r?(R+1r)(4R + r)(4R + 1)] =

= 8RZ [(16R —57)(4R — 4r) + (24R*> +8R —12) = (R+1r)(4R +1)] =
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1
= o5 [64R? — 64Rr — 20Rr +20r2 + (24R? + 8Rr — 17) — 4R? — 5Rr —r?] =

_ 84R*—81Rr +18r* 3 27r 612
B 8R? -8 R~ R?

Equality holds if and only if triangle is equilateral. Remark. Inequality 3) is much stronger such
inequality 1).

4) In AABC the following relationship holds:

m, 3 27r 612 27
28 —

_ >
a’? ~ 32R R * R? )~ 4(4R+1)

cyc
Marin Chirciu

7r 612 27
_) >
R R2

. . . 3 2 27
Solution. See inequality 3) and — (28 -t = 2(aR+7)

40R® —80R?r —3Rr? + 613> 0 © (R — 2r)(40R? — 3r?) > 0 which is true from R >
2r (Euler). Equality holds if and only if triangle is equilateral.

Remark. Let’s find an opposite inequality.

5) In AABC the following relationship holds:
m, 3R
a? ~ 8r2
cyc

Marin Chirciu

Solution. Using Panaitopol’s inequality m, < % we get:

R
D FIPPU ol A S (LI I
a2 = Liaz =" Lia3 = " 6aRF R R T
cyc cyc cyc

_ 1 68 47r+14r2 (2 1 24R_3R h
T 64r T 64r r _8r2'w ere

r r2 24
1) e 68—47E+ 14ﬁs—<:> 24R3® —68R?r +47Rr?  — 1413 >0 &
T

(R — 2r)(24R? — 20Rr + 7r2) = 0, which is true from R > 2r (Euler).

Equality holds if and only if triangle is equilateral.

1 3 i
Z = < Bor?’ which follows from:

cyc
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Lo ! (eg_arlpnal )2 L 2R3 ichistrues
64RF R R2 64RF r _85r2'w ich is true from:

cyc

z 1 Yb3c® s®+s*(3r? —12Rr) +3s%r* +r3(4R + r)3

PERRPETEPER. 64R31353
cyc
1 r3(4R +1)3
= m[54 + 52(37"2 - 12R7") + 37"4 + %] =
1 r3(4R + r)3 Gerretsen
= e2qe2 2 _ 4 BRTT) 2z
CAR13 [s (s*+3r“—12Rr) + 3r* + =2 <

r3(4R +1)3
(16Rr — 5r2)(16Rr — 52 + 3r?2 — 12Rr) + 3r* + ¥ —

r(4R+1)2
R+T

<
~ 64R313s

= RS [(16R —5r)(4R—2r) +3r 2+ (R+1r)(4R+1)] =

= CiRers [64r%2 — 32Rr — 20Rr 4+ 1072 4+ 3r2 + 4R% + 5Rr + 2] =

= m[64RZ —32Rr — 20Rr + 1072 + 3r2 + 4R?> + 5Rr +r?] =

_68RZ—47Rr +14r2 1 6817l 1147 r2
- 64R3F "~ 64RF R R2

Z b3c3 = 5%+ s*(3r% — 12Rr) + 3s%r* + r3(4R + 1)3

cyc
6) In AABC the following relationship holds:
3 5 27r+6r2 N\ Ma _ 3R
32R R R? a’? ~ 8r?
cyc
Marin Chirciu

Solution. For LHS, using Tereshin inequality, we get:

b2+c

Zma>z Zb2+c > 1 3 28 27r+6r2 3
a2 = a?> 4R 4R '8 R  R2)
cyc cyc cyc

=3 (28-2T" 157\ hich follows f

= 32R R RZ , wnlic OolloOwWS Irom.:

Lemma 7) In AABC the following relationship holds:
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b +c¢* 3 27r 612
Dma 25\ B Rt

cyc
Proof.
Z b?+c?  s®+s*(r? —12Rr) + s*r?(24R* + 8Rr —r®) —r*(4R +71)° _
az 8R2r2s2 B
cyc
r3(4R +1)3
=73 [54 + s2(r? — 12Rr) + r?(24R? + 8Rr — %) — ¥] =
3(4R + 1)3] Gerretsen
= SR5Z [52(52 + 7% —12Rr) + r2(24R? + 8Rr — r?) — % >
r3(4R +71)3
> SRZ2 (16Rr — 5r2)(16Rr — 512 + r? — 12Rr) + r?>(24R? + 8Rr — %) — —ar | =
R+r
= gRE? [(16Rr — 572)(4Rr — 41%) + 12(24R?> + 8Rr —12) —r2(R+ 1r)(4R + 1)(4R + 1)] =

= 3Rz [(16R —57)(4R — 4r) + (24R*> +8R —1r?) —(R+1)(4R +1)] =

= g2 [64R? — 64Rr — 20Rr + 2012 + (24R? + 8Rr — r?) — 4R? — 5Rr —r?] =

3 84R?% — 81Rr + 1812 3 <28 27r 6r2>

8R? =3 R "Rz

Equality holds if and only if triangle is equilateral. For RHS, using Panaitopol’s inequality m, < % we

get:

2
_EL<RSE <hs—t (e8—a7l + 147" ) =
2z PE G6ARF R 1%

cyc cyc cyc

(1) 1 24R 3R

1
47—+ 14 = h
~ 6ar (68 7 " ) Sear r sz e

7,.2

24R
(1) © 68 — 47 + 14— <—© 24R®—68R*’r +47Rr* - 14r3 >0 &
r

(R — 2r)(24R? — 20Rr + 7r2) = 0, which is true from R > 2r (Euler).

Equality holds if and only if triangle is equilateral.

1 3 i
Z = < Bor?’ which follows from:
cyc
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Lo ! (eg_arlpnal )2 L 2R3 ichistrues
64RF R R2 64RF r _85r2'w ich is true from:

cyc

z 1 Yb3c® s®+s*(3r? —12Rr) +3s%r* +r3(4R + r)3

PERRPETEPER. 64R31353
cyc
1 r3(4R +1)3
= m[54 + 52(37"2 - 12R7") + 37"4 + %] =
1 r3(4R + r)3 Gerretsen
= e2qe2 2 _ 4 BRTT) 2z
CAR13 [s (s*+3r“—12Rr) + 3r* + =2 <

r3(4R +1)3
(16Rr — 5r2)(16Rr — 52 + 3r?2 — 12Rr) + 3r* + ¥ —

r(4R+1)2
R+T

<
~ 64R313s

= RS [(16R —5r)(4R—2r) +3r 2+ (R+1r)(4R+1)] =

= CiRers [64r%2 — 32Rr — 20Rr 4+ 1072 4+ 3r2 + 4R% + 5Rr + 2] =

= m[64RZ —32Rr — 20Rr + 1072 + 3r2 + 4R?> + 5Rr +r?] =

_68RZ—47Rr +14r2 1 6817l 1147 r2
- 64R3F "~ 64RF R R2

Z b3c3 = 5%+ s*(3r% — 12Rr) + 3s%r* + r3(4R + 1)3

cyc
Equality holds if and only if triangle is equilateral.

8) In AABC the following relationship holds:

27 - 3 28 27r+6r2 N\ Ma_ 1 1 P +14r2 3R
4(4R+71) ~ 32R R  R?2 )~ L.a® ~ 64r R RZ) 82

cyc

Marin Chirciu
Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE- WWW.SSMRMH.RO
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SOLVED PROBLEMS-IV

By D.M. Batinetu-Giurgiu, Neculai Stanciu — Romania

1. Let A1A; ...A,,n = 3 be aregular polygon, M a point on incircle and N a point on
circumcircle of the polygon. Prove that:

zn: MA" (3 + ) Z NAZ
NAZ = T cos

k=1

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
Solution: Let O be the center of the polygon and x0Oy be the system of coordonates with

[0x) = [0A4,,). WLOG we assume that the circumradius is R = 1.

We have 4, (cos ﬁ sin %) k = 1,n. Let t and u be the arguments of the affixes of the points M

and N. We have that in radius is r = cos g, soM (cos% cost, cos%sin t). Therefore:

n n n
2km 2km\?
Z Z (cos—cos t — cos —) Z (cos—sm t — sin —) =
k=1 k=1 n

k=1

2km 2km
= ncos —+n—2cos costZ” 1cos——2cos sth" 1sm——n(1+cos —) (1)

. 2k . . 2k — .
In (1) we use the fact that the affixes g, = cosTn +i san, k = 1,n, of the points A are the roots
of the equation x™ — 1 = 0, so that ))}_, &, = 0, from where we deduce that

n n
2km 2km
:E:cos————+-l —=0
n n
k=1 k=1

Also, we have:
n n n
) 2km\? 2km\?

Z NA;, = Z (cosu - cos—) + Z (smu — sm—) =

k=1 k=1 k=1

=n+n-—2cosui_, cos? —2sinu)jyp_, sinZan =2n (2)
By (1) and (2) we deduce that:

yn_ MAZ = %(1 + cos? %) yn_ NAZ = %(3 + cos%n) Yn_ NAZ (3)

By (3) and by Bergstrom'’s inequality we have:
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n 2 1 2m\ 2 212 n

Map Sk Ma))' g (3+cosT) (ZRaNAD)” 2m N a2
> = o 5 — = o > =—|3+cos— NA;
& NA; w=1 NA% w=1 NA; 16 n ]

and we are done.

2. Ifx,y € R}, xy = 1, then show in any ABC triangle with usual notations the
following inequality holds: (xr, + 1, + yr.)(yr, + 1) + x1.) = 8172,

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
Solution: By xy = 1 and AM-GM inequality, we get:
(xrg+1m, +yr)yrg+r+b+axr) =12+ 12 +12 +rn(x+y) +npr(x +y) +
a1 (02 + ¥ 2 12 + 1§ + 17+ 20g1p Xy + 211 [y + 21Xy =
=12+ 1 412 + 21,1, + 211, + 2107, = (1, + 1y, + 1)?
using 7, + 1, + 7. = 4R + v and R = 2r, we obtain
(xry + 1, + yr)(yr, + 1 + x1.) = (4R +7)% = 81r%, Q.E.D.

3. If a, b, c be positive real numbers, then show that

a+b+c+3-Vabc > 2(Vab +Vbc +Veca)
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
Solution: It is well-known Popoviciu’s inequality:

“If f1 > R,I C Risaninterval and f is a continue and convex function on I, then

f(x)+f(3y)+f(2) +f (x+§+z) > §<f (%) +f (YT”) +f (”Tx)),v;c, y,z€I"“

ForI = Rand f(x) = e*, then f'(x) = f"'(x) = e* > 0,Vx € IR, so we can apply Popoviciu’s
inequality. Then

e*+e¥+e? o xtytz 2, xty  ytz  zéx
3 +e 3 2§(ez+ez+e2)

wherewe putx =Ina,y =Inb, z = Inc, and we obtain the desired inequality.

4. If f: R} — R} is convex function on R}, then prove that:

x+y+z>2

3(F0+ L0+ £@) -9 (72

> (F@) - fN) + () - @) + (@) - fF®)”

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
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Solution: We have " (x) > 0,Vx € R%. We consider the function g: R% - R%, g = f?2. So,

9 (x)=2fC)f"(x),Vvx e R} and g"'(x) = Z(f’(x))2 +2f()f"(x) > 0,vx € R}.So, g is
convex on RY. By Jensen’s inequality we have:

xX+y+z

FG)+fO) +F(2) 2 3f (F2E) vy, z € R (1)

and

9 + 90 + g(2) 2 39 (FLE) & £2(x0) + £2(0) + F2(2) 2 372 (F2E) (2)

By (1) we deduce that:

(@) +fO) + @) 2 97 (22) & —3f2 (21242) 5 UDHOITE) g

By (2) and (3) we deduce that:

£+ 20+ £26) - 377 (F2 ) 2

2
> F200) 4 £20) + f2(n) - I +f(§) +@)" _

= %[(fm — )+ (FO) — @) + (f@) - f@)’]
and we are done.

5. Prove that in all triangles ABC, with usual notations, holds:

m3 m; m3 - 3v3

+ + =
R-my+r-m. R-m.+r-m; R-mg,+r-m, R+r

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: We have that:

U= Z Z (ma)z > 9. Z (ma)z
R- mb+r me R-myg-my+1r-myg-m. Cch(m,21+m12,)+r(ma+mc)

cyc cyc
. . 3
where we apply Bergstrém’s inequality and well-known formula: m2 + m2 + m2 = Z(a2 +b% +¢?)

We obtain that:

(chcmczl)z 2 (chc mczl)z

V=g Zymd)+r- 2R - 24 2r- 2"
chc(ma + mb) +r chc(ma + mc) chc mg + 2r chc mq

_Yeyemg 3 a’+b%+c?
" R+r 4 R+r
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where we use lonescu — Weitzenbdck inequality, i.e. a® + b2 + ¢2 > 45+/3, and we deduce that:

6. fneN"—{1},aeR,,b,c,dmpeR,,x, € R, k=1,nX,,, = X1 X,
X,, =" _xP withc X,,>d- - max x?, then prove that:
np k=1X} np max Xy P

n

Za-Xn,p+b-xZ>n-(an+b) Xnm
c-Xn,p—d-xz_ n—d Xop

k=1
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania
Solution: WLOG we can assume that: x; = x, = -+ = x,,, then yields
x> Atz x> = xh
aXymtb-x"=2a-Xym+b-x3">>a X, +b-x
0<c-Xpp—d-x} <c-Xyp—d-xy<-<c-Xp,—d-xh

1 1 1
> > >

c-Xpp—d-xh T Xpp—d-xh

C-Xm,—d-)ciJ

Applying Chebyshev’s inequality for sequences

1
a Xpp+d-xg ’
( np k )15ksn (c -Xn,p —d- xl€>1<k<n

We obtain:
S a-Xym+b-b-x" 1[x - 1
W=Z nm pk 2—(Z(a-Xn'm+d-x,’c”)>(z p>=
= C Xnp—d-x, n\& kzlc-Xn,p—d-xk
1 - N 1
=—(a-n-Xn,m+d-Zx,’c")<Z p>=
n k=1 =1C Xnp = d- X
_ (an+d)Xpm n 12
- n ( kzlc-Xn,p—d-x£> (1)
In (1) we apply the inequality of Harald Bergstrém and we obtain:
W > (an + d) Xy m (XR=1 D? _ (an + d) Xy m n? _
- n noe-Xnp—d-xL) n cn-Xpp—d-Ypoqxh
1 n(an+b) Xym
= b)Xym = =
nan + b)Xnm cn-Xnp—d-Xnp cn—d  Xpp
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7. fa,b,c,m,n,p,x,y,z € R}, then prove:

5@ +b*+c+mP +nd+pP +ad +yP +2%) +

+3Y (@ + b3+ )M +n3 +p3) (3 + y3 +23) >
>2(a+b+c)(m+n+p)(x+y+2z)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

3
Solution: From J. Radon a3 + b3 + ¢3 > (a+b+c)

,Va,b,c € R}, so

a+b+c)P+m+n+p)P+x+y+2)°
25‘( )"+ ( - PP +kx+y )+

3 J(a+b+0)3(m+n+p)3(x+y+z)3 \/(a+b+C)3(m+n+p)3(x+y+z)3+

93

+3-%(a+b+c)(m+n+p)(x+y+z) = <g+%)(a+b+c)(m+n+p)(x+y+z) =
=2@+b+c)x+y+z2)(m+n+p)
8. Show that in any triangle ABC with the usual notations, holds:
a’r, + b?ry + c*r, > 108r3
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: By Bergstrém’s inequality and well-known Z% = %we have:
a

a? Bergstrom (a+b+ 6)2 452 5
V= Z ar, = Z =-—F—=4rs

Za -

By Mitrinovic’s inequality, i.e. s > 3v3r & s% > 27r? we obtain: V = 4rs? > 108r3, Q.E.D.

9. Prove thatin any ABC triangle with the semiperimeter s, the inradius r and usual
notations the following inequality is true — + — + > 12-/3-r.

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: By AM-GM inequality, the fact that abc = 4 - R - S and Heron’s formula

S = \/s(s —a)(s —b)(s — ¢) we have

ab NE (abc)? _ 2.3 16R25%s 3Pl
chcs—c 23 < (s—a)(s—b)(s—c)) =3 \I sz 6 ZR%s (1)

By Euler’s inequality (R = 2r) and Mitrinovic’s inequality (s > 3\/5_’r) from (1) we get:
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ab 3
25_626'3 2R?s 2 6 - /4r2-3x/§-r=12x/§

cyc
10. If m,n € R, then in any triangle ABC the following inequality is true

mc? + nab > 3 - /m(2nprR)?

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

2
Solution: We have mc? + nab = mc? + % + % >3- 3/m . % - (abc)? and from

abc = 4RS = 4Rpr, Q.E.D.

11. Prove that if m,n € R, then in any acute triangle ABC holds:

prn >2

3
2
m-tan“A+n-tanB -tanC > 3 - (pz—(2R+r)2

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: m - tan> A+ n-tanB - tan C =m-tan2A+g-tanB-tanC+g-tanB-tanC >

3 |mn?
>3- = (tanA - tanB - tan C)?

2pr

tanA4 -tanB -tanC = m
12. If m,n € R}, then prove that in any triangle ABC holds:

2 2 2 4
L + rpTre rerg p

>
mr,+nr, mr,+nr, mr.+nr, (4R +r)’m+ (n—2m)p?

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

2 2
. _ Talh _ (rarp) . o
Solution: U =Y, epe— Zmrgwrarb, and from H. Bergstrom inequality:

(Tarb + TpTc + 7/'cra)z

T mEE i +12) +n(rgn, + 1, +1.7,)

Since 131, + 1. + 17y = p2 and 12 + 12 + 12 = (4R + 1)? — 2p?, we get

p* p*

U= =
m(4R + r)? — 2mp? + np?> (4R +1r)?’m+ (n — 2m)p?

13. If m,n € R}, then in any triangle ABC prove the following inequality is true
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ab? N bc? N ca? - (p? + % + 4Rr)?
ma+nb mb+nc mc+na 2m+n)p?+ (n—2m)r? + 4(n—2m)Rr

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

ab? —y (ab)?
ma2+nab’

ma+nb

Solution: V =Y.

and by H. Bergstrém’s inequality we deduce

- (ab + bc + ca)?
~m(a? + b% + c?) + n(ab + bc + ca)

Since, ab + bc + ca = p? + r? + 4Rr and a® + b? + ¢? = 2(p? — r? — 4Rr), we get

- (p? + 1% + 4Rr)? 3 (p? + r? + 4Rr)?
T 2m? —12 —4Rr) + n(p? +r2+4Rr) (Cm+n)p?+ (n—2m)r2 + 4(n — 2m)Rr

14. If x,y € R,, then prove that in any triangle holds:

p-x+R-y) p*+(R-y—-3-p-x) r2+2-2-R-y—-3-p-x)-R-r>

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: In any triangle ABC holds:

2 +|2x- (pry)3
xsin3A+ysinBsinCZE- ’%

. . . . sinBsinC sinBsinC sinBsinC
Indeed, x sin® A 4+ ysin BsinC = xsin3 4 + 2 - +Z 2 +Z 2 >

T

4 3
>4 \/% - (sin A sin B sin )3, and because sin Asin BsinC = 2’)?, we get the above inequality.

Writing other two inequalities and add up we deduce

3
xY sin3A+yYsinBsinC 2%- 4/%, where we used

.3 ., p(p*-3r2-6Rr)
Ysin®A = R E—

p?+r2+4Rr

TR and the conclusion follows.

, respectively ), sinBsin C =
15. Prove that if x, y € R}, then in any triangle holds:

r3 r N r3 - (4R + 1)% — 2p?
Xrg+yr, Xrp+yr. Xr.+yr, xX+y

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: U =Y, — rfyrb =) xrzjr o= > xrz(:i): - and by H. Bergstrom and taking account by
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2+ 1 + 12 = 1,1 + 17 + 7.7, we deduce
) I
T+ EE x+y

where we use Y12 = (4R +1r)? — 2p?, Q.E.D.

16. Prove that in all triangle holds:

1 1
(a* +b4+c4)( +ﬁ+ )212\/§S

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

Solution: By H. Bergstrém’s inequality we deduce that:

S a* =¥ (a?)? > (Z“) (1)

and also by H. Bergstrom’s inequality we obtain that:

1 32

a? = Y a2 (2)

So, (1) and (2) yields that:

U=@Ea)(25)=3%e @)
By Weitzenbdck's inequality we have that:
Ya?>4SV3 (4)
Therefore, from (3) and (4) we obtain that: U > 3 - (45v3) = 12v3S, and we are done.
17. Prove that if m, n € R}, then in any triangle ABC holds:

a b c 4p?

+ +
mb+nc mc+na ma+nb (m + n)(p? + r2 + 4Rr)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

2
= Zma;+nac and from H. Bergstrom’s inequality

Solution: W =Y,

mb+nc

(a+b+c)? o, 5 B
W > Gmim(abiberca) and because ab + bc + ca =p“ +r“+4Rranda+ b + c = 2p, Q.E.D.
18.1fa; > 0 (i = 1,2, ..., n), then show that:

n k-1

Y[ Y ) X )< (>
—_— .. a;
1.1 1,1, 1 1.1 ,..41 AT

a; a a; a; a3 a; a an i=1
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wherek € {1,2,..,n— 1}

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

a+az+-+ag
k2

Solution: By HM-AM we get 3 +———— <

ai apz ' ar

1on
<~ Xi=1 0y, SO
k-1

el (5

i=1 i=1

k-1

19. Prove that in all triangle ABC holds (a® + b® + ¢©) (5 + > + ) = 4857

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu - Romania

213
Solution: By J. Radon’s inequality we deduce that: ¥ a® = Y}(a?)3 > (ZE}LZ) (1)
2
and by H. Bergstrom’s inequality we obtain that: Z% > % (2)

So, (1) and (2) yields that: U = (3 a®) (Z %) > X a®)? (3)
By Weitzenbdck’s inequality we have that: Y a* > 453 (4)

Therefore, from (3) and (4) we obtain that: U > (45\/?)2 = 48§?

ABOUT AN INEQUALITY BY PHAN NGOC CHAU-I

By Marin Chirciu-Romania
In AABC the following relationship holds:
3 3 3
a’ b°> ¢
al+b*+c3 > 3r<—+—+—>

Tq Trp re

Proposed by Phan Ngoc Chau-Ho Chi Minh-Vietnam
Solution. Lemma. In AABC the following relationship holds:

a®> b* ¢ 2[s*(2R+3r) —r(4R +1)?]

Ty Tp T, s

Proof. Using 1, = ﬁ, we get:
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a> b 3 at 1 s 1 5 5
—+—+—= E—z—ga(s—a)z—-Zr[s (2R+3r)—r(4R+1)°] =
T, Tp T F F ST

cyc cyc

_ 2[s?(2R +37r) — (4R +1)?]

S

Equality holds if and only if AABC is equilateral.

Let’s get back to the main problem. Using Lemma and a3 + b3 + ¢3 = 2s5(s? — 3r%2 — 6Rr),
inequality becomes as:

25(s2 — 3% — 6RY) > 3r-- 2[s?(2R + 3r)s— (4R +1)?] o
s2(s?—3r2 —6Rr) 23s?r(2R+71) —3r?(4R +1r)* &
s?(s?2—12r2 —12Rr) + 3r2(4R+1)? >0
We distinguish the following cases:
Case ) If (s — 12r? — 12Rr) > 0, inequality is true.
Case l) If (s — 12r? — 12Rr) < 0, inequality becomes as:

3r2(4R + 1)? = s%2(12Rr + 1212 — s?%), which follows from Blundon-Gerretsen:

R(4R +1)?
16Rr — 512 < s? < ———— < 4R? + 4R 2
6Rr —5r“ <s <20QR=1) = + 4Rr + 3r

R(4R+71)?

. . 2 2
Remains to prove that: 3r“(4R +r)* > 2(2R—7)

(12Rr + 12r% — (16Rr — 512)) &

6r(2R —1r) > R(—4R + 17r) ©® 4R?> —=5Rr —6r> > 0 &
(R — 2r)(4R + 3r) = 0, which is true from R > 2r (Euler).
Equality holds if and only if triangle is equilateral.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro.
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-

96 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

J.2001 In AABC the following relationship holds:

(sin4 + 2sinB)* + (sinB + 2sinC)* + (sinC + 2sinA)* < ——(1——

2187
5 (1-%)

Proposed by Marian Ursdrescu-Romania

J.2002
2ab

a+b

a+b
Mg =+vab,m, =T;a,b >0

my =

Prove that:

1
2my, + \/E((ma — mg)2 + (mg - mh)z + (my, — ma)z) <mg +mg

Proposed by Daniel Sitaru,Oana Simona Dascdlu-Romania

J.2003 In AABC the following relationship holds:

a’+b? +c? > 4F abe Z cscC - ath
(a+b)(b+c)(c+a) T c

Proposed by Daniel Sitaru,Gilena Dobricd-Romania

J.2004 Solve for real numbers:

x,y>0
(x + )0 2187
(2x2 + y2)(4x3 + y3)(16x5 + y5) 128
2¥ +loggy =9

Proposed by Daniel Sitaru,Daniela Dirnu-Romania

J.2005 In AABC the following relationship holds:

=6

<3 sin?4 2sin?B  sin? C> (n + 24+ B)

., (T+2A+B
: sin? (F222)

cosA * cosB * cosC 6
Proposed by Daniel Sitaru,Sabina Subtirelu-Romania
J.2006 If x, y,z > 0 then in AABC the following relationship holds:
xaia yb% zcic
O+ DV AR R

Proposed by D.M.Batinetu-Giurgiu-Romania

> 18- VF

J.2007 If x, y,z > 0 and ng4, n,, n. —Nagel’s cevians then in AABC holds:
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Z+x X+
-b%n, + y-c2n628\/§-F
xha yny Zzne

Proposed by D.M.Batinetu-Giurgiu-Romania
J.2008 If x,y,z > 0,t = 0 then in AABC the following relationship holds:

y+z+2t Z+x+2t. ) x+y.

ca? + + c2>8V3-F
x+t y+t Z+t

Proposed by D.M.Batinetu-Giurgiu-Romania

J.2009 Letm > 0,x,y,z > 0 and M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d, =
d(M, AB) then holds:

Z

xm+1am+2 ym+1bm+2 m+1cm+2
+ =
(y+2)™dr  (z+ x)m+1dm (x + y)ym+idm

>2(v3)"F

Proposed by D.M.Bdtinetu-Giurgiu-Romania

J.2010 Let M € Int(AABC),d, = d(M,BC),d, = d(M,CA),d, = d(M,AB),t = 0,x,y,z >
0 then:

t+1 3t+4 t+1b3t+4 t+1 .3t+4 t

x"a LY L2 >8<—> a2
(y+2)dy  (z+ )l (e +y)t*dl — o \3

Proposed by D.M.Batinetu-Giurgiu-Romania
J.2011Ifm > 0 and a, b, c > 0, then holds:
am*l (bim-"cim) +bm+1(cim+—> +cm+1( ! +bim> >2(a+b+c)
Proposed by D.M.Batinetu-Giurgiu-Romania
J.2012 Let a,b,c € Rsuchthat [ax? + bx + c| < 1;V|x| < 1
a) Prove that: max{|bx%? + cx + a|, |cx?> + bx + a|} < 1;V|x| < 1.
b) Find a, b, c € R, abc > 0 such that max{|bx? + cx + al, |cx? + bx + a|} < 1;V|x| < 1.
Proposed by Nguyen Van Canh-Vietnam
J.2013 In AABC the following relationship holds:
siné A
Z Ztan +Ztan tan——l_[tan—
cyc 2 COS COS 5 cyc cyc cyc 4

Proposed by Nguyen Van Canh-Vietnam
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9

>— — 1. Find all real numbers a such that:
x+a“+2

J.2014 Llet f(x) = x +

2019 - max{f(x)} — 2018 - min{f (x)} = 2021; vx € [—-1,1]
Proposed by Nguyen Van Canh-Vietnam
J.2015 In AABC the following relationship holds:

Z memp 4R +71
<
Te \V3r

cyc

Proposed by Nguyen Van Canh-Vietnam
J.2016 In AABC the following relationship holds:

r - hghyh,

————  (R? — 4r?
4R-mambmc( )

m2+mi +m?2=>w2+wi+w?+

Proposed by Nguyen Van Canh-Vietnam
J.2017 Let a,b,c > 0 and a? + b% + ¢? = 3. Prove that:

a N b 4 c -3
a+b b+c c+a”

Proposed by Choy Fai Lam-Hong Kong

J.2018 Let a, b, c > 0 and a? + b? + ¢? = 3. Prove that:

! / 4 b +/ S 2 > 243
Vve\Na+b b+c c+a 2Ja+b+c

Proposed by Choy Fai Lam-Hong Kong

J.2019 Let a,b,c > 0 and abc = 1. Prove that:

a b a+b 12
+ + > -
b+c c+a ¢ Ve3(b+c)(c+a)

Proposed by Choy Fai Lam-Hong Kong

J.2020 Let a, b,c > 0 and abc = 1. Prove that:

a b 1<a+b>2 6

+ += > 5
b+c c+a 8\ c Vet (b + c)(c + a)

Proposed by Choy Fai Lam-Hong Kong

J.2021 If in AABC,cos A + cosB = 1, cos (BT_C) = sing + sing, then find:
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u(A), u(B), u(C)

Proposed by Cristian Miu-Romania
J.20221f1 < a,b,c,d,e, f < 2 then:
(a® +b%+c®)(d*+e?+ f2) < (ad + be + cf)* + 27
Proposed by Daniel Sitaru-Romania

J.2023 In AABC the following relationship holds:

a®b? + b%c? + c?a® = 2F(16F +V3 -/ (a — b)2(b — ¢)2(c — a)?
Proposed by D.M. Bdtinetu-Giurgiu-Romania

1.2024 If M € Int(AABC) and R, = MA,R, = MB,R, = MC,d, = d(M,BC),d,, =
d(M,CA),d, = d(M, AB), then:

R2+ R;+R2+d%+d} +d? > 4(d.dy +dpd, +d.dy)
Proposed by D.M. Bdtinetu-Giurgiu-Romania

1.2025 If M € Int(AABC),R, = MA,R, = MB,R, = MC and d, = d(M, BC),d,, =
d(M,CA),d,. = d(M, AB), then:

1 1 1 9
>
(Radq + Rydy + Redc) <<da RS ER AR E o da)z) =7

Proposed by D.M. Bdtinefu-Giurgiu-Romania
J.2026 If x, y,z > 0 then in AABC holds:

x + +z z+
y+y +

X
—+ -a’b*c? = 8V3-F

Proposed by D.M. Bdtinefu-Giurgiu-Romania

_ X1+Xp++X) _
T iz bkt S

1,n, then:
K

J.20271ft 2 0,n€EN,n>2and g,x; € [1,0),k =1,n,g

n

Xk Xk xp\E+1 t+2 . m(t+1)
Z(x1 +xk 4+ xpk) =ntt?g
k=1

Proposed by D.M. Bdtinetu-Giurgiu-Romania

J.2028 If x,y,z > 0 then in AABC the following relationship holds:

X+ +z Z+x
Zy\/%+yx Vbe + . Vea=4-3Y3-F

Proposed by D.M. Bdtinefu-Giurgiu-Romania
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J.2029 In AABC the following relationship holds:

3 b3 3

a c
+ + <2V3-F
b+c c+a a+b

Proposed by D.M. Bdtinetu-Giurgiu-Romania
J.2030 In AABC the following relationship holds:
yz X Xy R?
hz  h: hZ  27r*

(x+y+2)?%Vx,y,z>0
Proposed by D.M. Bdtinetu-Giurgiu-Romania
J.2031 If x,y,z > 0 then in AABC holds:

(y + 2)avb N (z + x)bc N (x +y)cva
x\/hy yhe z\[hy

Proposed by D.M. Bdtinefu-Giurgiu-Romania

> 46 - VF

J.2032 If x, v,z > 0 then in AABC holds:

x + +z Z+x
Zya+yx b+ 5 c>4-327 -VF

Proposed by D.M. Bdtinefu-Giurgiu-Romania
J.2033 In AABC,n, —Nagel’s cevianand M € Int(AABC),x = MA,y = MB,z = MC holds:
(xng + ynp + zn)? = 12 - F?
Proposed by D.M. Bdtinetu-Giurgiu-Romania

J.2034 If m,n € (0, ), then in AABC holds:

ma? + nb? N mb? 4+ nc? N mc? + na? > 3(m 4 1)
(a+b—c)c (b+c—a)a (c+a—-b)b mTn

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2035 If m,n = 0 then in AABC holds:

(A _,B . ,C _ 3r? 3/mn?
m sin E+n51n Esm EZW 4

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2036 If ABC is nonisosceles triangle, m = 0 and x,y > 0, then:
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3(m+1) 2s
>
; (bx + cy)™(a — b)™1(a —c)m™*t1 "~ (x +y)™

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2037 In AABC the following relationship holds:

Z (ma + Wb)(Wa + hc) > 12

cyc
Proposed by D.M. Bdtinetu-Giurgiu-Romania
J.2038 In AABC,M € Int(AABC),x = MA,y = MB,z = MC holds:
(xmg + ymy, +zm.)? > 12 - F?
Proposed by D.M. Bdtinetu-Giurgiu-Romania
J.2039 In AABC the following relationship holds:

smA smB cos A cos B\?
Z +( ) >3
sinC cosC

cyc

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania
J.2040 In AABC the following relationship holds:

z A( 1 4 1 >>6
COSZ sinB sinC/ —

cyc

Proposed by Neculai Stanciu-Romania

J.2041 Determine number abcdef ghtj such that

abcdd + defba + gegd + adg + adg = hicqj
where to different numbers correspond to different letters.
Proposed by Neculai Stanciu-Romania

J.2042 If m = 0,u, v > 0 with 2u — v > 0 and «, 8, y are the measures of the angle of triangle ABC,
then prove that:

m

sina 3 ] ] )
Z ( ) (sina + sin B + siny)1™™
&4 (usinB + vy/sinasin B ) u+

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2043 If x,y > 0 then in AABC holds:

102 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

25(s? — 6Rr — 3r¥)x + (s + 4Rr + %)y > 8 - \/12x - (sRry)3
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2044 In AABC the following relationship holds:
1
s?> 3\/§F+g(|a—b|2 +1b—cl?+|c—al?)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2045 In AABC the following relationship holds:

R T
a+b b+c c+al — r

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2046Ifm = 0 and a, b, ¢, x > 0 then holds:

m+1x4m+4

(a2m+2 + x2m+2)(b2m+2 + x2m+2)(62m+2 + x2m+2) > (a +b+ C)2m+2

25m+2
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

J.2047 Ifm = 0,x,y,z > 0,M € Int(AABC) with area F,d,, dp, d. —distances from M to the sides
BC, CA, AB respectively, then holds:

Zm+1 Cm+2

am T ar T ar

xm+1am+2 ym+1bm+2

> 4,/(xy + yz + zx)™*1 . F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

J.2048 If x,y,z > 0 then in AABC holds:

(x+y)\/5+ (y+z)x/5+ (z + x)Vc
z[hy x[he yWha

Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania

> 22 - V27

J.2049 If x,y,z > 0, then in AABC the following relationship holds:

xva N yvb N zc >\/ﬁ
O+2Jhe @+x)Jhy x+ R 2

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti-Romania

J.2050 Let A, B, C;, A, B, C, triangles with sides ay, by, ¢, and the areas Fy, k = 1,2, then:

(af + a3)(b? + a3)(cf + a5) + (a% + b3)(b? + b3)(c? + b3) +
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+(a% + c2)(b? + c2)(ci + ¢5) = 108F,F,
Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania
J.2051 If t > 0, then in AABC with F area, holds:
(a* +t2)(b* +t2) + (b* + t2)(c* +t2) + (c* + t2)(a* + t?) > 64t%F?
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti-Romania
J.2052 Ifx,y,z > 1,3m = x + y + z then in AABC with area F, holds:
Z(xx + y* + z¥)a? = 123 - m™F
cyc
Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania

J.2053 If x, ¥,z > 0 then in AABC holds:

ax+b by+cz cz+ax
Y 2 + > 44/3
zh, xhg, vhy,

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
J.2054 Ifa,b,c,x,y,z > 0, then holds:
(@ +x*)(b? + x2)(c? + x*) + (a? + yH)(b* + y*)(c®* + y*) +
1
+(a? +z2)(b* + z*)(c? + z%) = yAGRE s z)?(a+b + c)?

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti-Romania

J.2055 Let I —be the incentre of AABC and AMNP be the median triangle of AABC. Let
A4, By, € —be the simmetrics of I to M, N, P and R4, R,, R; the circumradies of
ABCA;,ACAB;, AABC;. Prove that: R? + R% + R3 > 3R?.

Proposed by Marian Ursdrescu-Romania
J.20561f0 < a < b < ¢ < Zthen:

5 3 1 27
+ + >
tana tanb tanc tana+tanb + tanc

Proposed by Daniel Sitaru,Cristina Ene-Romania
J.2057 In AABC the following relationship holds:

2a2 +3b3+5¢3 3a®+5b3+2c® 5ad+2b3+3¢3
+ + > 6+/3r
2a% 4+ 3b%2+5c¢2  3a%?+5b%2+2c%2 5a?+ 2b?% + 3c?

Proposed by Daniel Sitaru,lacob Meda-Romania
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J.2058 If x, y > 0 then:

x y xy x? y? 1

+ + < + +
x2—x+1 y?—-y+1 x?y?2—xy+1~ x2—x+1 y2—-y+1 x?y?2—-xy+1

Proposed by Daniel Sitaru,Lucian Tutescu-Romania

x—1 _ x3(x+1) | (x—1)(x%+1)
x3+1 x%+1 x4

J.2059 Solve for real numbers: x3 +

Proposed by Daniel Sitaru,Alina Tigae-Romania
J.2060 If a, b, c > 0 then: abc + a? + b? + c? + 4 > 2(ab + bc + ca)
Proposed by Daniel Sitaru,Rares Tudorascu-Romania
J.2061 Solve for complex numbers: x7 + 2x°® + 5x° + 3x* — 16x3 — 11x2 —20x — 12 =0
Proposed by Daniel Sitaru,Elena Grigore -Romania

J.2062 If x,y,z = 0 then:

Zsz(xz +y?) > Zx(y3 +z)+xyz(x +y+2)

cye cyc
Proposed by Daniel Sitaru,Elena Alexie-Romania
J.2063 Solve for real numbers:
sin? x (2 sin? x - sin? 2x + 4 cos* x + 1) = cos? x (2 cos? x - sin? 2x + 4 sin*x + 1)
Proposed by Daniel Sitaru,Mihaela Ddianu-Romania

J.2064 Let x,y,z > 0 then:

x z I9(x?+y%+z2—xy—yz—2zx)? 3
LY > (x“+y Y-y > .3
y+z z+X x+y 2c+y + 2)* 2

Proposed by Khang Nguyen-Vietnam
J.2065 If u,v € (0,1) and M € Int(AABC),x = MA,y = MB,z = MC then:

Y o )4 > 27
t(1—t®ab u(l—u?ac/ —
cyc

Proposed by D.M. Bdtinetu-Giurgiu-Romania

J.2066 Let AABC is not acute triangle. Find then minimum value of the following expression:

1 1 1
Q=(a+b+C)(E+E+E)

Proposed by Phan Ngoc Chau-Vietnam
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J.2067 Let I —be the incentre of AABC and AMNP be the median triangle of AABC. Let

A4, B4, C; —be the simmetrics of I to M, N, P and Ry, R,, R3 the circumradies of

1,1, 1 3
ABCA,,ACAB,,AABCj. Prove that: 2 + ] + %2 = 2z

Proposed by Marian Ursdrescu-Romania
J.2068 If 0 < x,y < 1 then:
x + y < x+y
4fx+y—Jxy+y? Afx+y—fxy+x* 4fx+y—2xy

Proposed by Daniel Sitaru,Simonaa Radu-Romania

J.2069 In AABC,AA'B'C' the following relationship holds:

m3 - (a)?> mj-(b)? m-(c)? - 32s5(r')?
a? b2 c? —  243RS

Proposed by Daniel Sitaru,Claudiu Ciulcu-Romania

J.2070 If AA'B'C’ is the pedal triangle of I —incenter in AABC and x,y,z > 0 then:

yzIA'" zxIB' xyIC'
xIA+yIB +zIC = 4

y+z Z+x+x+y
Proposed by Daniel SitaruMirea Mihaela Mioara-Romania
J.2071 Find x € Q and y € Z such that: 2020(x? + y?) + 2019(x + y) = 2021xy
Proposed by George Florin Serban-Romania
J.2072 Solve for integers: (6x + 5y?)(4z + x)(2y? + 3z) = 2021

Proposed by George Florin Serban-Romania

J.2073 Prove that: I11 > 11 - 11 , x>0

34

+ x+ +

3,1 2,1 2,1
x3+= xX2+—= x24+=
x2 x2 x

Proposed by George Florin Serban-Romania

J.2074 Prove that:

n(n+1)

= 2n+1
nk!-kk<( - ) neN
k=1

Proposed by Florica Anastase-Romania

).2075 Find A and prove that 2021 € A if abcd € A, =~ = €b _atb

¢ b+c

Proposed by George Florin Serban-Romania
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2 ZZ tZ

x? y
J.2076 If x,y,z,t > 0 such that +

= 3, then:
14+x2  1+y%2  1+z2 + 1+t2 !

Xy +xz+xt+yz+yt+zt < 2xyzt

Proposed by Marin Chirciu-Romania

3 Z3 t3

x3 y
J.2077 If x,y,z,t > 0 such that +

= 3, then:
1+x3  1+y3  1+z28 + 1+t3 !

xyJxy + xzv/xz + xt\/xt + yz,[yz + zt\zt < 2xyzt.[xyzt
Proposed by Marin Chirciu-Romania

J.2078 In AABC, x,y,z > 0 the following relationship holds:

A B c 1
xcosE+ycosE+zcosES E(xy+yz+zx)

x+y+z
xyz
Proposed by Bogdan Fustei-Romania
J.2079 Let P be point in plane of AABC ant t > 1, then holds:

t
(PA - PB)t + (PB - PC)t + (PC - PA)t > (abe)

t t t (-1

(at—_l + bt-1 4+ ct—_l)
Proposed by Bogdan Fustei-Romania
J.2080 In AABC, M point in plane, the following relationship holds:
1
mg - AM +my, - BM +m, - CM Zz(a2 + b2 + c?)

Proposed by Bogdan Fustei-Romania
J.2081 In AABC, w —Brocard’s angle, the following relationship holds:

Mg

1 b
>—4—>

c -
. = - - sin
sinw ™ ¢ b~ hy

Proposed by Bogdan Fustei-Romania

J.2082 Let n,, ny, n. —Nagel’s cevian, then in AABC holds:
2. .3 2. p3 2. .3
ng-a> ng-b> ni-c
a + b + (o
Jpne  (neng  ngng

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

> 8v/3F

J.2083 If m = 0,x,y,z > 0 then in AABC with area F, holds:

107 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

x (% + %) (ab)™* +y e + %) (bo)™! + 2 (% + %) (ca)™+1 > 2m+3(\/§)1_mF’"+1
Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
J.2084 If x,y,z > 0, then in AABC with area F, holds:
<%+g)xa2 + e+%)yb2 + (%+%)zcz > 8V3F
Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
J.2085 Let x € (0,©), AABC with F area, A; € (BC), B, € (CA),C; € (AB) such that BA; = xA,C,
CB; = xB,A,AC; = xC;B and a; = B;C;,b; = C1A4,¢c; = A, B4, then:

4+/3x
F

aa, + bby + cc; <
1 1 = x+1

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

J.2086 In any AABC holds:
1 1 1 112 1\2 112
R e e e = 3( ——) +(b——) +<1——)
4 TR TR R V3(a hy he Iy
Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

J.2087 Let M € Int(AABC) with F area and F, — area of AMBC, F;,, —area of AMCA, F, —area of
AMAB, then holds:

@ +b8 + a > 256F3
Fa Fb Fc_

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Nanuti-Romania

J.2088 In any AABC with F area, holds:

1+1+1>\/§+1 (1 1>2+<1 1>2+<1 1>2
hZ hZ h2T F 2\\hgy h, h, he h., hg

Proposed by D.M. Bdtinetu-Giurgiu Claudia Nanuti-Romania

J.2089 Let M € Int(AABC) with F area and F, — area of AMBC, F;,, —area of AMCA, F, —area of
AMAB, then holds:

a4+b4+c4>48F
Fo By F

Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania
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J.2090 Let m = 0, M € Int(AABC) with F area, X € [BC],Y € [CA],Z € [AB] and F, —area of
AMBC, Fy, —area of AMCA, F. —area of AMAB, then holds:

MXm+1 . a5m+5 Mym+1 . b5m+5 Mzm+1 . C5m+5 16m+1

+ + > F2m+2
(F —_ Fa)m+1 (F —_ Fb)m+1 (F — Fc)m+1 - 3m

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

J.2091 Let m = 0, M € Int(AABC) with F area, X € [BC],Y € [CA],Z € [AB] and F, —area of
AMBC, Fy, —area of AMCA, F, —area of AMAB, then holds:

MX‘m+1 . a3m+3 MYm+1 . b3m+3 Mzm+1 . C3m+3

1-m
+ + > 4m+1 ,/3 Fm+1
(F — Fa)m+1 (F — Fb)m+1 (F — P‘C)m+1 - ( )

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

J.20921fm = 0,x,y,z > 0and M € Int(AABC) with F areaand d,, dj, d. —distances from M to
the sides BC, CA, AB respectively, then holds:

xm+1 . am+2 ym+1 . bm+2 Zm+1 . Cm+2

dit(y + z)m+1 + dpt(z + x)m+2 + dM(x + y)m+1

>2(v3)"F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

J.2093 Let M € Int(AABC) with F area and F, — area of AMBC, F;, —area of AMCA, F. —area of
AMAB, then holds:

mAL g2ma2 ymil, p2me2 2m+2

x a c
+ +
F'y+2)m1 " F™(z+x)™  F*(x +y)™

ZmH+1

- 2m+1(\/§)m+1F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
J.2094 If x,y > 0 hen in AABC with F area, holds:

a® b5 c5 16

+ + > F?
ax + yvbc bx+yJeca cx+yvab x+Yy

Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania

J.2095 In AABC the following relationship holds: (s —a)? + (s — b)? + (s — ¢)? = 9r?
Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania

J.2096 If x,y,z > 0 then in AABC with F area, holds:

+ 2 + 2 + 2
(x Y Vab +— c) +(y ” Vbe + — a) +<Z % Vea + =2 b) > 16V3F
z xX+y x y+z y Z+Xx

Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania
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J.2097 If m = 0 then in AABC holds:

hir hip hi 3m+1

g =)™ Gy =)™+ (e =) = 2™

Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania
J.2098 Let g4, gp, 9. —Gergonne’s cevians, the following relationship holds:

Ja —2r gp —2r gC—2r>3
hg +7 hy +7r he+r — 4

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2099 Let m > 0 and M € Int(AABC) with F area and d, d}, d. —distances from M to the sides
BC, CA, AB respectively, then holds:

am+2 bm+2 Cm+2

>2m+2 m+1F
ar g g =)

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

J.2100 Let M € Int(AABC) with F area and d, dj, d. —distances from M to the sides BC, CA, AB
respectively, then holds:

1 1 1>3‘§/27

+—+—==
da db dc \/F

Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

PROBLEMS FOR SENIORS

Romanian

Magazine

2
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[

S.2001 Let (a,,),,»1 be sequence of real numbers such that a; = a € (0,1) and
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(271)@ 1-a)™

n
n . -
an+1 = Z (k) aya,_y -Find: Q = lim o) -

n—oo
k=0

Proposed by Florica Anastase-Romania
$.2002 Solve for real numbers:
{ 2x2+3y2+2z2=7
x2+y2 422 =V2z(x + y)
Proposed by Daniel Sitaru,Roxana Vasile-Romania

$.2003z, z,, z3 € C* different in pairs, |z1| = |z,| = |z3| = 1, A(z1), B(23), C(z3). Prove that:

Z\/|(2z1 — 2, —23)(22, — 2, — 23)| =9 = AB = BC = CA

cyc
Proposed by Marian Ursdrescu-Romania
$.2004 If a,b,c > 0,p,q,v > 1,pq + qr + rp = pqr then: abcpqr < qra? + rpb? + pqc”
Proposed by Daniel Sitaru,Luiza Cremeneanu-Romania

S$.2005 For x,y,z € R,

sin? x — cos?y cos?z cos?z

A= cos? x sin?y — cos? z cos? x
cos?y cos?y sin? z — cos? x

cos?x —sin?y sin? z sin? z

B = sin? x cos?y —sin?z sin? x
sin? y sin? y cos? z — sin? x

Prove that: det(AB) = 0.
Proposed by Daniel Sitaru,Catalin Nicola-Romania

5.2006 1f x,y € (0,5) then:

tan3 x +

1 1
=ztanx +——+tany + ——
tan x

+tan3y +
tany

tan3 x tan3 y
Proposed by Daniel Sitaru,Lavinia Trincu-Romania
S$.2007 Ifn = 2,n € N,a € (0,m), then:
n-1
(2)"(271: a) - sina (n a>
— coS — —_— sec—
s B P
no\& n?sin—\ &4

Proposed by Florica Anastase-Romania
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$.2008 If m,n € N — {0} then:

2mn+1 -1 n 1 1

Z  os?2 _ —
m(mn+1)+0g > n +m

Proposed by Daniel Sitaru,Illeana Stanciu-Romania

S$.20091f0 < x,y,z < 1 then:

x? y? z2 xy yz zx

+ + > + +
Vi—x2 J1—-y%z VJ1-2z2 J1-xy Jl-yz V1-2zx

Proposed by Daniel Sitaru,Dan Mitricoiu-Romania
S.20101fa,b,c,x,y,z > 0, then holds:

a? N b? N c? - 3 ab + bc + ca
xb? +yca xc?+yab xa?+ybc ~ 2(x+y) a?+b?%+c?

Proposed by D.M.Bdtinetu-Giurgiu-Romania
$.2011 If u,v,w,x,y > 0 and a, b,c > 0,abc = t3, then holds:

(xa + yb)? (xb + yc)? N (xc + ya)? >3t(x+y)2
ua+vb+wec ub+vc+wa uc+va+wb ut+v4+w

Proposed by D.M.Bdtinetu-Giurgiu-Romania
S.2012Ifx,y = 0,x + y > 0, then holds:

a’ b3 c3 a’+ b% + c?

+ + >
ax+by bx+cy cx+ay x+y

:Va,b,c >0

Proposed by D.M.Badtinetu-Giurgiu-Romania
S$.2013If m,x,y = 0,x + y > 0 then holds:

am+2 bm+2 Cm+2 a2 + b2 + CZ

>
@ +b))™  x+ o)™ T Gxt @)™ = ™

:Va,b,c>0

Proposed by D.M.Batinetu-Giurgiu-Romania
$.2014 If u,v,x,y,z > 0, then holds:

1+ x2 1+ y? 1+ z2 6
+ + >
u+vy+uz? utvz+ux? utvx+uy? 2u+v

Proposed by D.M.Batinetu-Giurgiu-Romania

S.2015If m,x,y,z > 0, then holds:
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1+ x? 1+ y? 1+ 22 6
+ + >
1+my+2z2 1+mz+x?2 14+mx+y? m+2

Proposed by D.M.Batinetu-Giurgiu-Romania
S.2016Ifa,b,c,x,y > 0, then holds:

a N b N c N z*(ab + bc + ca) - 4z
xb+yc xc+ya xa+yb (x+y)a?+b%2+c?) x+y

Proposed by D.M.Bdtinetu-Giurgiu-Romania
S.2017 If x,y,z > 0,t = 0 then in AABC the following relationship holds:

y+z+2t 1+Z+x+2t 1+x+y+2t 1>2\/§
x+t a y+t b z+t c R

Proposed by D.M.Batinetu-Giurgiu-Romania

x%-1
x2+2

$.2018 Find all functions f: R - R such thatf( ) =f(y?+1)+x3y,vx,y €R.

Proposed by Nguyen Van Canh-Vietnam

$.2019 Find all continuous functions f: {—202;2020] = R such that

2020 (x) +2021f'(x) = 2022, f(—2020) = f(2020) = %

Proposed by Nguyen Van Canh-Vietnam

S$.2020 In AABC the following relationship holds:

729 < Z 1 Z 1 < 1
(4R +1r)* — Lamym,, Wewy, ~ 9r?
cyc cyc

Proposed by Nguyen Van Canh-Vietnam

$.2021 In AABC, p, —Spieker’s cevian, the following relationship holds:

Zp§+2r(R—2r) san SZraz

cyc cyc cyc
Proposed by Nguyen Van Canh-Vietnam

$.2022 Let f,,,(x) = x3 — x + m, g,p (x) = x* — x3 + mx — 1. Find all positive real numbers m such
that min f;,,(x) - max g,, (x) + max f,,(x) - min g,,(x) = 6,Vx € [0,1]

Proposed by Nguyen Van Canh-Vietnam

$.2023 In AABC,n, —Nagel’s cevian, the following relationship holds:
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1
n(21+nlz,+n§22(a2+b2+cz)—§(ab+bc+ca)

Proposed by Nguyen Van Canh-Viethnam
S$.2024 If x,y > 0 then:
4+ D (y+ DY (e +y)TY < x¥ Y- (e +y + 2)¥VH2
Proposed by Daniel Sitaru,Maria Lavinia Popa-Romania

S$.20251f1 < x,y < 2,3 <zt < 4then:

x2+y?+1 \/5<3+xz+yt 11

_— < -— _|_ N
xz+yt+3 3 7 942z24+t%2 12
Proposed by Daniel Sitaru,Sorin Pirlea-Romania
$.2026 Let a,b,c > 0 and a + b + ¢ = 3. Prove that:

2 b? c? 92

a
Va+b++vVb+c+\sqt(c+a)+ + + =
\sat(era)+ et et e 2 2

Proposed by Choy Fai Lam-Hong Kong

S$.2027 In acute AABC,AD, BE, CF —altitudes, H —orthocenter. Prove that:

(AH)“' N (BH)4 N (CH)“‘ 48
HD HE HF) =

Proposed by George Apostolopoulos- Greece

$.20281ft > 0,n € N,n > 2 and m,x;, € [1,),k = 1,n, then:
n
Z(xfk + x;k 4ot x;lfk)“'l > pt+2 . pmt+1)
k=1

Proposed by D.M. Bdtinetu-Giurgiu-Romania
$.2029 If x,y,z > 0, then in AABC holds:

bc ca ab

F+?+Z—2+4(xy-cz+yz-a2+zx-b2)216\/§-F

Proposed by D.M. Bdtinetu-Giurgiu-Romania

$.2030 If m = 0, then:

3m+3 3m+3 3m+3

X 4 y 4 Z - 3
(x3 + xzy)m+1 (x3 + yZZ)m+1 (y3 + sz)m+1 - 2m+1

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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. . . . a b c
$.2031 In AABC the following relationship holds: Rth + P + hothn >3

Proposed by D.M. Bdtinetu-Giurgiu-Romania

S.2032 If m = 0 then in AABC holds:

21.2 m+1 2.2 m+1 2.2 m+1
(era=a) aramm) @imra) z2m@ e

bc+ca—ab ca+ ab — bc ab + bc + ca
Proposed by D.M. Bdtinetu-Giurgiu-Romania
S.2033If x,y,z > 0,x = y thenin AABC holds:

he — hy — he — 3(3x —
xhe —yr  xhy —yr  xhc—yr 3Gx—y)

zhy +yr zhy+yr zh.+yr~ y+3z
Proposed by D.M. Bdtinetu-Giurgiu-Romania
$.2034 Solve for real numbers: sinx + cosx + secx - cscx = 2 + /2
Proposed by Daniel Sitaru,Dorina Goiceanu-Romania

S.2035If a,b > 0 then:

1 1 1
\/2a+b 4 /3a+b 4 \[5a+b - Zﬁ-l_ Sab + Vab
2\/’@_{_3@4_5\/’@ - _1 1 1

Joat+b ~ \[za+b  \[5a+b
Proposed by Daniel Sitaru,lulia Sanda-Romania

S.2036 Solve for real numbers:

e _1
log, e (logx)™! +logee - (log;) =8

Proposed by Daniel Sitaru,Nicolae Radu-Romania

S$.2037 If a, b, x,y > 0 then:
T a+b | x+y a’+b? x%+y?
(ab+ny)(T+T)(\/ 2 +\/ 2 )
<1
— . x+y\ [ a+b x2+y? a?+b?
(ab+T)<T+\/ 2 )(\/ 2 +ny>

Proposed by Daniel Sitaru,Mihaela Stdncele-Romania

$.2038fx,y,z > O then: x84+ y® + 28 + 15 > x% + y® + 2% + 5/3(xy + yz + zx)

Proposed by Daniel Sitaru,Mihai Ionescu-Romania
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$.20391f x,y,z,m € [1,0),3m = x + y + z then in AABC holds:

% + b 4¢P 4+ @ + b + ¢ + a? + b + ¢ > 4m(y3)
Proposed by D.M. Bdtinetu-Giurgiu-Romania
$.2040 In AABC, g, —Gergonne’s cevian, M € Int(AABC),x = MA,y = MB,z = MC holds:
x*g +y*gp +z°gé = AF?
Proposed by D.M. Bdtinetu-Giurgiu-Romania
S.2041If M € Int(AABC),x = MA,y = MB,z = MC then:
x?hZ + y?hi + z?h? > 4 - F?
Proposed by D.M. Bdtinefu-Giurgiu-Romania
$.2042 In AABC the following relationship holds:

a? b? c?

+ + >
s—a Ss—b s-—c

Proposed by D.M. Bdtinetu-Giurgiu-Romania
$.20431f m,t = 0; x,y,z > 0 then in AABC holds:

(x _l_y)mat-l-l (y + Z)mbt-l—l (Z +x)mct+1

thlt;+1 th£+1 ymh3+1

> 2m+t+1(\/§)1_t

Proposed by D.M. Bdtinetu-Giurgiu-Romania

$.2044 If g,m,x,y,z € [1,2),g = }/xyz;3m = x + y + z then in AABC holds:

x*+y*+z* x¥+y¥+2z¥
}; + iz + (X% + y% + z9)a3b*c? > 12V3 - g™ - F
Proposed by D.M. Bdtinefu-Giurgiu-Romania

$.20451f m,x,y,z € [1,00),3m = x + y + z then in AABC holds:

xx+yx+zx+xy+yy+zy

hz ) + (xZ +yZ 4 z9)bc = 6V3 - m™

Proposed by D.M. Bdtinetu-Giurgiu-Romania

$.2046 In AABC, M € Int(AABC) the following relationship holds:

b-AM +c-BM +a-CM > +/a?b? + b2c? + c2a?

Proposed by Bogdan Fustei-Romania
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$.2047 In non-obtuse AABC the following relationship holds:
mg +my, +me = 2R + 5r
Proposed by Bogdan Fustei-Romania

$.2048 In AABC, x,y,z > 0 the following relationship holds:

Z X 'cosé< (x+y+2)>2
o y+z 27 Jx+y+2)(z+x)

Proposed by Bogdan Fustei-Romania

$.2049 Let M € Int(AABC) the following relationship holds:

ng R
h; r
cyc
Proposed by Bogdan Fustei-Romania

S$.2050 In AABC the following relationship holds:

mgeWg + mywy, + m.w, mompyme;
hgohy + hyh, +h.hy = | hghph,

Proposed by Bogdan Fustei-Romania
S.2051If a,b € N*,a < b, then determine all pairs (a, b) which satisfy a? + b2 = ab + 2(a + b)

Proposed by Neculai Stanciu-Romania

-1 14 4
S.2052IfA = (—1 -2 1>, then find A", n € N*.
2 -1 3

Proposed by Neculai Stanciu-Romania

$.2053 Let z € Csuch that [z| = 1 Re(z) = 0 and Im(z) > 0. Prove that there exist a natural
number n > 3 such that any three of the numbers |z + 1|, |z + i], |z"! — 1],

|z™ — 1], |z™ — i] are the sides of an acute triangle.
Proposed by Marius Drdgan, Neculai Stanciu-Romania
S.2054Ifa,y € R—{0,1}and {a, b,c,d} = {x,%,y, %}, then prove that

1

a+b+c+d=E+l+l+iandcomputeﬂ=L+L+L+—.
a b ¢ d l-a 1-b 1-c 1-d

Proposed by Neculai Stanciu-Romania
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$.2055 If

Z\](Tb+ma)(rc+ma) Z Ty + /T

then show that triangle ABC is equilateral.
Proposed by Alex Szoros-Romania

$.2056
4,9,36,81,100,576,625, ...

| have some perfect squares and | observe that each perfect square has an odd number of distinct
factors. For example: d(4) = 3,d(36) =9,d(81) =5

Is it true that a perfect square always has an odd number of distinct factors?
Proposed by Naren Bhandari-Nepal

S.20571f0 < a,b < gthen:

a+b
3<tan<

a? + b2 2ab
) + tan(Vab)) > 2tan + 4tan( )
2 a+b

Proposed by Seyran Ibrahimov-Azerbaijan
$.2058 Let z,, z,, z3 € C* —different in pairs, A(z,),B(2,),C(23), 21| = |z5| = |z3| = 1.

Prove that:

Zy + 2o — 22
le 3 1|—3=>AB=BC=CA

— 23|2
cyc

Proposed by Marian Ursdrescu-Romania

S$.2059 If a, b,c > 0 such that ab + bc + ca = abc then prove: a+§+c /a+6bazcc+9 >1
Proposed by Neculai Stanciu-Romania
$.2060 Let z;, z,, z3 € C* —different in pairs, A(z1), B(2,), C(23), |z1]| = |22 = |z3| = 1.

Prove that:

21— Zy)|21 — Z3|+(24 — 23)|21 — 2
Z|(1 2)|z1 — 23] +(z — z3) |24 2”:Z|zl—zz|:>AB=BC=CA
|z, — 232

cyc cyc

Proposed by Marian Ursdrescu-Romania
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S$.2061 In AABC the following relationship holds:

a’> b* c?
ma mb mC
Proposed by D.M. Bdtinetu-Giurgiu, Neculai Stanciu-Romania

$.2062 Letm = 0,M € Int(AABC),F — area of AABC, F, —area of MBC, F;,, —area of AMAB and
d,,dy, d. —distances from M to the sides BC, CA and AB respectively, then:

m+1 , b2m+1 bm+1 . C2m+1 Cm+1 . a2m+1

+ + > 23m+2
dm - dm - F ar - g (v3)

a 2m+1

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

$.2063 If M € Int(AABC) with area F, F, —area of AMBC, F;, —area of AMCA, F, —area of MAB,
then:

a4’+b4’+ 4’>48F
Fa Fb Fc

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

$.2064 If x,y,z > 0, then in AABC with area F, holds:

X ap+ L. bc+— ca>4/3-F

— Nore —
Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
S$.2065 Let x,y > 0,44, ...A,,n = 3,A,,.1 = A, a convex polygon with F area and

M € Int(4,4, ..A,). let a, = Ay Ak.1,k € 1,1 lengths of sides and F, area of MA,Ay.1,k € 1,1,
then holds:

n

a 16 T
Z k > - F - tan? —
k—lek +yFe1 x+y n

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

$.2066 Letx,y > 0,m = 0,44, ...A,,,n = 3,A,,,1 = A, a convex polygon with F area and

M € Int(4,4, ...A,). let a, = Ay Aks1, k € 1,1 lengths of sides and F, area of MA,Ay.1,k € 1,1,
then holds:

2m¢2 22m+2

Z (xFy + yFk+1)m = (x+y)m

-F- (tan%)

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
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S$.2067 Let t,x,y,z > 0 and AABC with F area such that ax + by + cz = tF, then:

m+2 m+2 m+2 m+1 m+1
a 4 b c - 4 (\/§)
xm ym Zm = tm

-F,ym =0

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

S.2068 Let m = 0 and AABC with F area, then holds:

m+2 bm+2 Cm+2

+1 R \™
+ + > am+2(y3)" ( ) 'F
rat 15 o (\/—) 2R —r

a

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

$.2069 If x,y,z > 0 and AABC with F area, then holds:
(x+y)ab+ (y+2)bc+ (z+x)ca=8/xy+yz+zx-F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

2 2 2 2 2 2
$.2070 If x,y,z > 0 then in AABC with F area holds: e :yb + yb” +zc +Z ;xa > 8/3F

X

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
S$.20711f x,y,z > 0, then in D ABC with area F, holds:

ax + by)c by + cz)a cz+ ax)b
( Zy)+(yx)+( )2

8V3F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
$.20721fm = 0,x,y,z > 0 then in AABC with F area, holds:

(xm+1 +ym+1)(ab)m+1 + (ym+1 + Z,=m+1)(bc)m+1 + (Zm+1 + xm+1)(ca)m+1 >

22m+3

>
3m

m+1
(xy +yz+zx)z -Fmtl

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

S.2073 If the sequence (a,)y»1 is definedbyay = a, = 0,4y =1landa, 4 +a,_, +a,_3 = 3a,
then prove that lim |a,| < %
n—oo

Proposed by Neculai Stanciu-Romania
S$.2074 In AABC, the following relationship holds:
(4R + 7 —aV3)bc + (4R + 1 — bV3)ca + (4R + r — cV/3)ab > 12V/3rF

Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania
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S.2075Ifa,b,c > 0 then

b c b+c
atc avb- J(@+b)(a+c)

Proposed by Marin Chirciu-Romania

S$.2076 In AABC the following relationship holds:

B C R
ZJESZ\/sec22+sec22 j6<2+ )

cyc

Proposed by Marin Chirciu-Romania
S$.2077 Leta,b € Z,a = 2m,b = 2n,m,n € Z. Prove that exists p, q € 8Z such that:
(a? + b?)3 = p? + ¢2
Proposed by Laura and Gheorghe Molea-Romania

S.2078 Let a, b, c > 0. Prove that:

32 a® + Z a’b?(a + b) = 5(ab* + bc* + ca*) > 5abc(a? + b? + c?)

cyc cyc
Proposed by Nguyen Van Canh-Vietnam

$.2079 Solve for integers g = p? + 5. Solve for natural numbers 19¢ = 2% + 52,
Proposed by Hikmat Mammadov-Azerbaijan

$.2080 In AABC the following relationship holds:

9 < Z Z ny, + M _ 27R? + 852
ny +nc 36712
cyc

Proposed by Nguyen Van Canh-Vietnam

S$.2081 In AABC the following relationship holds:

2 2
ng+r
#24134_7,
2mg +ng — hy

cyc

Proposed by Bogdan Fustei-Romania
$.2082 Solve for natural numbers: x3 + y* = 2022

Proposed by George Florin Serban-Romania

121 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

$.2083 M € Int(AABC), the following relationship holds:

n sV6
h_; -AM >
cye “ \/(Zha)z - % (max{ha: hb: hc} - min{ha: hb: hc})z

Proposed by Bogdan Fustei-Romania

S.2084 In acute AABC the following relationship holds:

gZ
ma+mb+mCZZh—a
cyc a

Proposed by Bogdan Fustei-Romania
S.2085Ifa,b,c € R,0 < a < 1 then:
la+b+cl® < %Z(Ia +b|% + |c]%)
cyc
Proposed by Seyran Ibrahimov-Azerbaijan
$.2086 Which type of triangles ABC verify bcos A + ccosB + acosC = s?
Proposed by Neculai Stanciu-Romania
S.2087 Solve for integers:

1201x2% + 799x + 15578 109x% + 71x + 388 1729x% 4+ 1151x + 27046

+ + = 2021
x2+x+20 x2+x+6 x2+x+ 24

Proposed by Neculai Stanciu, George Florin Serban-Romania

S.2088 Solve for real numbers:

xV3a?2 — 1+ x +V12a% + 2 — 2x = 3aVx?2 + 2,a > 1, a —fixed.
Proposed by Marin Chirciu-Romania
$.20891fx,y,z > 0suchthatx +y < 2,y +z < 2,z+x < 2, then:

1 1
DS,
x+1 1+.yz

cyc cyc

Proposed by Marin Chirciu-Romania

$.2090 For x4, X3, ..., X2921 > 0, prove that:

x2+1  [x2+1 X255, + 1
\/ 1 4 |22 ... 202; > /2021(x; + x5 + - + X2021)

2 2
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Proposed by Neculai Stanciu-Romania

$.2091 If x,y > 0, then prove that:

x2 y2 3(x2 _y2)2
—+—==2(x2+y?) +
y o x 4xy(,/2(x2 +y3) +x+ y)

Proposed by Neculai Stanciu-Romania

$.2092 In AABC the following relationship holds:

81_[ A—B<(ab+bc+ca>4+3(ab+bc+ca)2+4
cos 2 “\a?+b%2+c? a?+ b2+ c2

cyc

Proposed by Adil Abdullayev-Azerbaijan
$.2093 In AABC the following relationship holds: max{s,, sp, s.} = min{w,, w;,, w.}

Proposed by Adil Abdullayev-Azerbaijan

$.2094 In AABC the following relationship holds:

(ma + mb)z (mb + mc>2 (mc + ma>2 9
a+b b+c c+a 4
Proposed by Adil Abdullayev-Azerbaijan

S$.2095 In acute AABC the following relationship holds:
A—B
cos(4 — B) cos(B — C) cos(C — A) < cos? (T)

Proposed by Adil Abdullayev-Azerbaijan
$.2096 In AABC the following relationship holds:

R 16abc (r2 + 1§ +12)
—+ >
r (a+b)(b+c)(c+a) Talp + 1l + 101y

Proposed by Adil Abdullayev-Azerbaijan
$.2097 Let K be the symmedian point in AABC, D, E, F —circumcenters of ABCK,ACAK, AABK.

Prove that:

Proposed by Adil Abdullayev-Azerbaijan

$.2098 In AABC the following relationship holds:
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R - memy, + mym, + memg
2r | wowp + wpw, + wow,

Proposed by Adil Abdullayev-Azerbaijan

$.2099 In AABC the following relationship holds:

mambmc(ma + myp + mc) > mgmpme
9F?2 = | hyhyh,

Proposed by Adil Abdullayev-Azerbaijan

$.2100 In AABC the following relationship holds:

3(ab + bc +ca) mymy +mpym, +memg,
a?+b%2+c2 m2 + m2 + mZ

+2

Proposed by Adil Abdullayev-Azerbaijan

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.

UNDERGRADUATE PROBLEMS

H Romanian
Eb Magazine
R (R4
U.12921f 0 < a < b then:
b x19 10 2 +b20
— _dx>1 R

Proposed by Daniel Sitaru-Romania

U.1293 Ifx,, = lim z;;;o{\/nz FQk+Dn+k2+ k},m,n € N*,m > 4 then:
n—oo
1
mVm+1 <zx—< 2vm
k
k=1

Proposed by Florica Anastase-Romania
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U.1294 z, z,, z; € C* differentin pairs, |z;| = |z,| = |z3] = 1, A(z,), B(22), C(z3). Prove that:

2,

cyc

2

zZ1+ 2z, _ _ _
=1=>AB=BC=CA

Z1 — 23

Proposed by Marian Ursdrescu-Romania

U.1295 Find:

0=, Z(z+1)(n—l+1)(2i)(zz:i2i>

Proposed by Daniel Sitaru,Alecu Orlando-Romania

U.1296 Find:

dx

%sinx-sin(x+£)-sin(x+2—ﬂ)
Q:_[ 3 3
0

sin 3x + cos 3x
Proposed by Daniel SitaruCadtdlin Pand-Romania
U.1297 Find f, g: (1,©) — Rsuch that f(x) = ax — xg'(x) - logx and
gx)=ax—xg'(x) -logx,x>1,a€R

Proposed by Florica Anastase-Romania

U.1298 Let0 < a < b,m = a—+b and f:[a, b] = R derivable with derivative continuous on [a, b]

such that f(m) = 0, then prove

f(f ®)* dx 2 053 )3<f f(x)dx)z

Proposed by Florica Anastase-Romania
U.1299 Find all functions f: R — R such that
fFx+y) = fFOf ) +x*yF;vx,y € Ra, B >0
Proposed by Nguyen Van Canh-Vietnam

U.1300 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, the following relationship holds:

s*(R? — 4r2) s2(R3 —8r2)
Z(na+ma) <43 Zg§+# ijﬁ e

cyc cyc cyc

Proposed by Nguyen Van Canh-Vietnam
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U.1301 In AABC, g, —Gergonne’s cevian, the following relationship holds:

1 1 1 r(R — 2r)
3/“’"“52'"“5‘"15' >3 Mgl Qe+
cyc

cyc cyc cyc
Proposed by Nguyen Van Canh-Vietnam

U.1302 Letx,y,z,t > 0, = B = 1suchthat ¥ x = Yy x* then:

2a 2B

Z X 1_[)(: + aZCycxﬁ(chcx)z < 16(1 + a4316

cyc cyc
Proposed by Nguyen Van Canh-Vietnam
U.1303 In AABC the following relationship holds:
Z(hg +w2) + 4(R? — 4r2) > 2 Z m2
cye cyc
Proposed by Nguyen Van Canh-Vietnam
U.1304 In AABC,p, —Spieker’s cevian, ¢ = 6. Prove that:
Znﬁ < Zpg + a(R? — 41?)
cyc cyc
Proposed by Nguyen Van Canh-Vietnam
U.1305 Find all numbers a > 0 such that:

x+y+z axyz

=24;xy2z>0
ixyz  x*y+y*z+zix +xyz Y

Proposed by Nguyen Van Canh-Vietnam

U.1306 In AABC,n, —Nagel’s cevian, the following relationship holds:
Z:m(z1 +3r(R—2r) < anl
cyc cyc
Proposed by Nguyen Van Canh-Vietnam
U.1307 In AABC,n, —Nagel’s cevian, the following relationship holds:
an < ng + 7(R% — 412)
cyc cyc

Proposed by Nguyen Van Canh-Vietnam

126 NEW EDITION ROMANIAN MATHEMATICAL
MAGAZINE-NUMBER 3



Romanian Mathematical Society-Mehedinti Branch |2022

U.1308 In AABC,n, —Nagel’s cevian, the following relationship holds:

b—c
Zmin{na,ma+| 5 l}s\/32mg+21(R2—4r2)

cyc cyc

Proposed by Nguyen Van Canh-Viethnam
U.1309 In x0y, let A(—a,0),E(—b,),C(0,a),D(0,—a)

with b > a > 1. Find the maximum and minimum of the

Y
expression P =x3+y3+x%2+y%4Vv(x,y)€ES Wx
xkoj

Proposed by Nguyen Van Canh-Vietnam

2
B

2

U.1310Letk€Z+,O<a§[)’§y55,%+ :

+ s >3,-+ s > 2. Prove that:
Y 14
ak + gk +yk—sk <2k +1
Proposed by Nguyen Van Canh-Vietnam

U.1311ForneN,n>k >1andx € (Og) prove that:

. 2 n
J n) yi sin” x
1-—= ] Ny<|1-—
( k)(j x“J cos x_< . )

Proposed by Florica Anastase-Romania

k-1

=0

~

U.1312 Prove that:

(8- 90 Q) -y ()

Proposed by Fao Ler-Iraq

sin(nx)

U.1313 Let f(y,n) = E [ 1(y) the prove the summation:

b

i cos(2mn) f (%,n)k = (g)g (m-1)
n=1

wherem > 2,k = 1 and E[f](y) —is Fourier transform.

Proposed by Srinivasa Raghava-AIRMC-India
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U.1314 Find a closed form:

a=) Y L@

n=0 k=0

Proposed by Daniel Sitaru,Ramona Ndlbaru-Romania

U.1315 Let f:[0,1] » R, f —continuous. Prove that:

1 1 1
f f(x)dx:9:>f f2(x)dx = 1+4f xf (x)dx
0 0 0

Proposed by Daniel Sitaru,Luiza Dumitrescu-Romania

U.1316
-3y (A a3 )y ()
) n+1 277772 n+1
n=2 n=2
A Q1 <Q, B.OQ;=Q, C.0 >0,
Proposed by Daniel Sitaru,Camelia Dand-Romania
U.1317 Find:

1

Q = lim ([nx] . |x - [x +%”) dx,[*] — GIF.

n—-oo 0
Proposed by Daniel Sitaru,lleana Duma-Romania

U.13180 < a < b < 1,f:[0,1] - [0,1], f —continuous. Prove that:

a+b

ZJ:/aixf(x)dx > f f(x)dx f f(x)dx +f f(x)dx

Proposed by Daniel Sitaru,Gigi Zaharia-Romania

U.1319 Find:

n
Q=1 (e—=1)n
= e\ " k_1n+(e—1)k

Proposed by Daniel Sitaru,Nedelcu Elena-Romania

U.1320 Let h: N — N be a strictly increasing function such that h(3m) = h (h(h(m))) = 3h(m), for
all natural numbers. Find: h(2021).

Proposed by Hikmat Mammadov-Azerbaijan
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U.1321 Find a closed form:
1
Qf x? tan~1(2x) log?(3x) dx
0

Proposed by Ose Favour-Nigeria

U.1322 Find:

Qn) = fn([ﬂf]2 {x} + [x] - {(x}*)dx,n €N, [¥] — GIF, {x} = x — [x]
1

Proposed by Togrul Enmedov-Azerbaijan

U.1323 Find:

0=l 5 (1 _ x)xn+4-
~ oo o 14+x3n

Proposed by Daniel Sitaru,Marian Ciuperceanu-Romania

U.1324 Prove that:

fl (tan"1x)3 D = w(24nC — 63{(3) + 2m?log2)
o x+1 7 256

Proposed by Fao Ler-Iraq

U.1325 Let x € Z,. Prove that:

“sin(x™") logx Ty
[ ogx
0 X 2n
where y is the Euler-Mascheroni constant.
Proposed by Max Wong-Hong Kong

U.1326 Find a closed form:

Tsin™? -log? x - log?(1 —
0= f (ﬁ) 08" x - log™( *) dx
0 x(1—x)

Proposed by Togrul Ehmedov-Azerbaijan

U.1327 Find a closed form:

1sin™! (:_xz) “tan”! x
Q =f 2 dx
0 1+x

Proposed by Togrul Enmedov-Azerbaijan
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U.1328 If m € R, = [0, o) then in AABC holds:
a2m+1 + b2m+1 b2m+1 + C2m+1 C2m+1 + a2m+1

@)™ T Gom T (am

>4-327 -\F
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1329 If x,y,z > 0 then in AABC holds:

x+y' (ra+rb)(ra+rc) +y+Z. (rb +rc)(rb +ra) +Z+X' (rc+ra)(rc+rb) >
z TpTe X 1.1y y T o

24

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1330If x,y > 0 then in AABC holds:
X Y\? X Y\? X Y2 18xy-r
2 (2 7 2 (Z v 2(_ .
R2(G+3) +hE(C+3) +r2(CH7) =—
Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1331 In AABC the following relationship holds:

a+b+02Z'W-Vﬂ%(w&—ﬁ)z+(ﬁ—ﬁ)2+(ﬁ—va)2)

Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.13321Ifx,y > 0,M € Int(AABC),R, = MA,R, = MB,R, = MC and d, =
d(M,BC),d, = d(M,CA),d, = d(M, AB), then:

x?(RZ + RE + RZ) + y?(d2 + d2 + d2) = 4xy(dady + dpd, + d,dg) + Z(xRa —yd)? >

cyc
> 4xy(dgdy + dpd. +d.dy)
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1333 If x,y,z > 0 then in AABC holds:
X y VA V27
O+ Dhy @+ 0hy Gk - 2VF

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1334Ifa,b,c, t,x,y,z > 0and m = 0 then:

(taz + be)m+1 (tbz + xCZ)m+1 (tCz + va)m+1 (t +x)m+1

2 b2 2
(c(ya+zb))m " (a(yb +zc))m " (b(yc+za))m T t+am (@ + b7+

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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U.1335 If we have the function

s )_1 ) (nn)+4 ) (2nn>+ 9 (3nn>
n —4sm > sin Esm e

then prove the sum relation:

- ') = on

i (-D"S(M)S'(n)  203010137* as(n)
] n3 "~ 1289945088’
n=

Proposed by Srinivasa Raghava-AIRMC-India

U.1336 Find:

© 1

0o X*—x+1

Proposed by Vasile Mircea Popa-Romania
U.1337
n . n . 2
am =Y ).y et (Z es(z—;)>
k=1 k=1 k=1

Find:

Q= lim n” - Q(n) - sin (%) * tan (i>

N 4 ns
Proposed by Daniel Sitaru-Romania

U.1338 If m,n,p,s € N — {0} —fixed, then find:

_ 1 1 1 1
Q(m,n,p,s) = %l_r){}o (im+r _jm+r) (ip+s _jp+s>

1<i<jsn
Proposed by Daniel Sitaru-Romania

U.1339If x,y,z > 0 then:

i/Zy(x +y)? N i/Zz(y + z)? N i/Zx(z + x) > 23

= 3
JyQ@x +y) \/z(2y +2) \/X(ZZ + x)

Proposed by Daniel Sitaru-Romania

U.1340 Solve for complex numbers: x* + (1 +i)x3 + 2ix?+(—1)x—1=10
Proposed by Daniel Sitaru-Romania

U.1341 Without any software:

Q = log,(log, e) + log(log ) + log, (log,; 2)
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AQ<0 B.QO=0 ¢6.Q0>0
Proposed by Daniel Sitaru-Romania

U.13421f0 < x < gthen:

1 2 2\ 1 2
. +—s(1——> +—+=
sinx  mx T X w
Proposed by Daniel Sitaru-Romania
U.1343Ifa,B,y,0 € (0, g) ,16sina - sinf - siny - sind = 9 then:

1
8\/§+Z <16

5 =
. a
m-— -

cyc(S 2+COSZ)

Proposed by Daniel Sitaru-Romania
U.1344 Solve for real numbers: x3? + x1¢ + y2 = 24/2x'2y
Proposed by Daniel Sitaru,Carina Viespescu-Romania
U.1345 Solve for real numbers:

x,y,zt>0
8x* + 64y* + 216z* + 1728t* =1
x+y+z+t=1

Proposed by Daniel Sitaru-Romania

U.1346 Solve for real numbers:

x,y,z>0
2+yi+2+3(x+3fy+Vz) =12
xyz=1
Proposed by Daniel Sitaru-Romania
U.1347 Solve for real numbers:
1 1 2

_ =
1+tan*x 10 1+ 3tan?x
Proposed by Daniel Sitaru-Romania
U.1348Iifa,b,c > 0,a + b + c = 3 then:

34D+ +301 41+ +30+a)A+b) _1 1 1
TOA+DA+0+ b A+00+0)+7A+)(0+b) a6 et ee

Proposed by Daniel Sitaru-Romania
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U.1349 Solve for real numbers:

x,y,z>1

log, z + log, x + log, y = logy,(zy) + log,,(xz) + log,,(yx)
x+y+z=6

Proposed by Daniel Sitaru-Romania

U.1350 Find:

n n -1
Q-1 1 1_|_1 2k +1 2k +6
“aben\ sl 172k 2k +5
k=1 k=0
Proposed by Daniel Sitaru-Romania

U.1351 Find without softwares:

Q=

f” sin?%2% x + sin? x
o 1+sin2920 x 4 cos2020 x

Proposed by Radu Diaconu-Romania

U.1352 Find a closed Form:

Q= —d
fo (1 + x*)? X
Proposed by Radu Diaconu-Romania

U.1353 In AABC, I —incenter, ID L BC,IE L CA,IF L AB,D € (BC),E € (CA),F € (4B),

Ig, Ip, I —excenters. Prove that: X, A+]'[Cyc LI Nl Ipl,]
sin sin’ R

Proposed by Radu Diaconu-Romania

U.1354 In acute AABC the following relationship holds:

Z <sin3 A N cos?3 A> N 1—[ <sin3 A N cos3 A> S 9 N 1
a\uB) - p(©) ) L ANuB) - w(€) )" 2w Tleye(m - 1(4))

Proposed by Radu Diaconu-Romania

U.1355 In acute AABC,cos AcosB cosC = 3% Prove that:

Z 1*(A) R
h, - cosA
cyc

Proposed by Radu Diaconu-Romania
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U.1356 In acute AABC the following relationship holds:

2 _1 u(4) R
27R w m, - tan A 4+/372
cyc

Proposed by Radu Diaconu-Romania

U.1357 Find:

Q(a)=f2de'a>1
L X2 +3x4+2 7

Proposed by Radu Diaconu-Romania
U.1358 Let ADEF be the orthic triangle of acute AABC. Prove that:
3minf{a, b,c} < 2(DE + EF + FD) < 3max{a, b, c}
Proposed by Radu Diaconu-Romania

U.1359 In AABC the following relationship holds:

va Vb Vo Vr (034 1R
2 Ve —r —va vp|_(6vV3+1)R
(6\/§+1)rzs\/5 e va —ve S

Vro Vo —Vb —a

Proposed by Radu Diaconu-Romania
U.1360 In AABC, P € (ABC), the following relationship holds:
Pa\3
Z (7) Z .4 A - 5 N r?
(B2 4 2AEE (2’ asitg |=°"\32 T a2

cyc\— ab b cyc

Proposed by Radu Diaconu-Romania
U.1361 Find:

Q_J‘lax+bcosm(2nnx)d c1bho1im>1neN
~ J, a+2bcos™(2nmx) Ha=Lo=Lm=2Ln

Proposed by Radu Diaconu-Romania

U.1362 In AABC, p, —Spieker’s cevian, the following relationship holds:
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Proposed by Soumava Chakraborty-India
U.1363 In AABC, p, —Spieker’s cevian, the following relationship holds:
1
DpE< Y mi4s ) molb—cl
cyc cyc cyc
Proposed by Soumava Chakraborty-India
U.1364 In AABC, p, —Spieker’s cevian, the following relationship holds:

8Rr
s? —12Rr — 3r? Zm prl —s?

Proposed by Soumava Chakraborty-India
U.1365 In AABC, S —Spieker center, the following relationship holds:
AS? 1
F— 2 —_
bc+ 2as 4
cyc
Proposed by Soumava Chakraborty-India
U.1366 In AABC,S —Spieker center, the following relationship holds:
Z AS? > 4r(2R — 1)
cyc

Proposed by Soumava Chakraborty-India

U.1367 In AABC, p, —Spieker’s cevian, the following relationship holds:

PaWa _ 3R
hom, = 2r
cyc

Proposed by Soumava Chakraborty-India

U.1368 In AABC, p, —Spieker’s cevian, the following relationship holds:

3(R—r1)s?— TZ 2 >R Z(Zpa —my)?
cyc cyc

Proposed by Soumava Chakraborty-India

U.1369 In AABC, v,, vy, v, —cevians through Bevan’s point, the following relationship holds:
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a
_— —
4Rs E P 12Rs E va(b +¢)

cyc cyc
Proposed by Soumava Chakraborty-India

U.1370 In AABC, p, —Spieker’s cevian, the following relationship holds:

122pa—ma+ha<R
3 h, Tr
cyc

Proposed by Soumava Chakraborty-India
U.1371 In AABC, v, —Bevan'’s cevian, the following relationship holds:
AV
rZZ—+R(R —2r) = 2Rr
va
cyc
Proposed by Soumava Chakraborty-India
U.1372 In AABC, v, —Bevan’s cevian, the following relationship holds:

Vg 27R
RS
s—a 2s

cyc

Proposed by Soumava Chakraborty-India

U.1373 In AABC,AD, BE,CF —medians, S —Spieker center, the following relationship holds:

ZASZ — DS? - 6(2R —71)
DSz  — R
cyc
Proposed by Soumava Chakraborty-India

U.1374 In AABC, p, —Spieker’s cevian, the following relationship holds:

Pa _\'Ma

ma Wa

cyc cyc

Proposed by Soumava Chakraborty-India
U.1375 In AABC, v, —Bevan'’s cevian, the following relationship holds:
A
Z v (b + ) cos > > 2s?
cyc
Proposed by Soumava Chakraborty-India

U.1376 In AABC,AD, BE,CF —medians, S —Spieker center, the following relationship holds:
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AD? — DS? 5
Zbc T > 4s

cyc
Proposed by Soumava Chakraborty-India

U.1377 In AABC,V —Bevan’s point, the following relationship holds:
b2 2 _
2
RSZ = )AVZ <(R+1)s?+r(4R+71)

Proposed by Soumava Chakraborty-India

U.1378 In AABC the following relationship holds:
(a—Vab+b) +(b—vVbc+c) +(c—vea+a)’ >4V3 F
Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.1379If x,u € [0,0) and x + u = 2 then in AABC holds: a*b" + b*c* + c*a" > 43 -F
Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.13801f g,m, x,y,z € [1,0),g = 3/xyz,3m = x + y + z then in AABC holds:
(X +y*+2%a? + (¥ +yY + 22)b% + (x? + y? +z5)c? = 43 - g™ - F
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1381 If m = 0 then in AABC holds:
S S S éx/i)m&m“ _
WVhahy)” (Vhohe)™ (Vheha) (VF) (Va+b ++e)

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1382If m = 0,x,y > 0 then in AABC holds:

(a™m*1 4 pm+1 4 cm+1)< s + b + . ) > 2m+2(\/§)6_m(\/f)m+1
(bx+cy)™  (cx+ay)™  (ax+ by)™ (x+yym
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1383If m,n > 0 and t = 0 then in AABC holds:
3-6+n

ot (\/g)tﬂ T

m52t+2 + nr2t+2 + n(4R,r)t+1 2

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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U.13841f m,n > 0 and t = 0 then in AABC holds:

3-6t4n t+1

T WB)

m52t+2 + nr2t+2 + n(4Rr)t+1 > Ft+1

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1385 In AABC the following relationship holds:

b+c c+a a+b
+ +
a++(a+2b)(@a+2c) b++(b+2c)(b+2a) c++/(c+2a)(c+2b)

3
> —
2

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1386 If m € [0,0) and M € Int(AABC),x = MA,y = MB,z = MC then:

(x . ma)2m+1 + (y . Wb)2m+1 + (Z . hc)2m+1 > p2m+l., p2m+l, (ﬁ)l—Zm

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1387 If x,y,z € (0,1), then:

( X y z )( 1 1 1 )227\/5

+ + + +
1—y2 1-22 1-x2/\(x+y)? W+2)? (z+x)? 8
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.13881f m > 0;u,v > 0,M € Int(AABC),x = MA,y = MB,z = MC, then:
Z X (uy N vz) m - (u+v)m*tt
a\b c - 3m
cyc
Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.13891fn > 0,m,p,t > 0,M € Int(AABC),x = MA,y = MB,z = MC, then:

Z < x3yx? y3za? z3xb2>n+1 - (m+p+t)mt?
n >

. . + .
a3bzz " P pacx? c3ay? 3n
cyc

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1390Ifn e N,n > 2and a, € (0,1);Vk = 1,n,X}-; a, = 1, then:

z”: 1 _(+1)-33 z": 1
az(1—a2) ~ 2 i1+ a

k=1

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1391 In AABC the following relationship holds:
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3(a? +b%?+c?) > 8\/§F+Z(a—b+c)2

cyc
Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1392Ifu,v = 0,u+v >0andm,x,y,z € [1,0),3m = x + y + z then in AABC holds:

((ux + vy)* + (uy + v2)* + (uz + vx)®)a? + ((ux + vy)? + (uy + vz)¥ + (uz + vx)¥)b?
+((ux + vy)% + (uy + v2)? + (uz + vx)?)c? = 123w+ v)™ - m™ - F

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1393 If x, y > 0 then in AABC holds:

(x2 + y*)(a® + b% + c?) = 8xyV3 - F + (xa — yb)? + (xb — yc)? + (xc — ya)?

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1394if m,t = 0;x,y,z > 0 then in AABC holds:

x4y ambtt? +z b™Mct*2 74 x cMalt?
y y

T omt e T " TpmEt
2 c x a y b

>8V3-F

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1395 Find:

Q(m) = Tlll_r)glo ((nﬂw/(n + 1)!)m+1 — (W)mH) - tan™ %

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1396 If m > 0 then in AABC holds:

2

a%+b%+c%E 2
—| 2=VF
3 V3

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1397 I x,y,z € (0,%) then in AABC holds:

tany +tanz tanz + tanx b+tanx+tany

c>4-Y27 -VF

. a+ , .
sinx siny sinz

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1398 If u,v = 0,x,y > 0 then in AABC holds:
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2u+w+2

_ > 2u+1 . + u+1 ., 3. F2n+1
oy (x +y)*** -3

Z(xu+1 + yu+1)h7éhg .

cyc
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1399 Let (a,),»1 sequence of real numbers strictly positive such that lim Intl — g > 0 and

n—oo N-apn
2
_ymn -1 1 ST T 2\n
(Xn)ns1, Xn = Xp=qtan (kz_k+1). Find: lim (4 - xn) N ay,.

n—-oo

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1400 Let (a,,)n>1, (by)qs1 sequences of real numbers such that lima,, =a € R,b > 0,Vn € N*,

n—-oco

t
lim 221 = p > 0 and 3¢ > 0 such that lim (an — a)(3/bn) = c € R Find:

n—-oo N-On

lim(1+a, — )™

n—>oo

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1401 If (x,)ps1, X = Ypqtan™? ( ) then find:

1
k2—-k+1

7'[2
Q= lim (T — x,%> “(2n - D
n—-oo

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1402 Find:

lim m+1) - "JYCn+ DI —n-Y@2n-1D!
n—oo W

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1403 If m,t = 0 and x,y,z > 0 then in AABC holds:

m+1bt+1

X + a
Z Y. >8V3-F

7z Cm+t

cyc
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1404 If m,t = 0 and x,y,z > 0 then in AABC holds:

x+y ampttt
Y 2

cyc

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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U.1405 If (a,),>1 is a sequence of real numbers strictly positive such that lim % =a>
n—-oo n

0, then find 7P_r)gﬂ/an -nl,

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1406 If (a,),>1 is a sequence of real numbers strictly positive such that lim % =a>
n—-oo n

0, then find

limn?("*\/anss — Van).

n—-oo

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1407 Prove that:

> fte 1 (1) 11~ 5)

where F,, H,, and Li,(x) are nth Fibonacci and Harmonic number and dilogarithm respectively.
Proposed by Naren Bhandari-Nepal

X
U.1408 If Knuth’s up arrow notation, x TT n = x** forx # 0, then prove that:
n

1
lim llm(((X)—m) =1+y

n-ooot x-1

o 1\
ity (¢Cx 11 0) = =) =

n—-oo

where {(x) is Riemann zeta function and y is Euler-Mascheroni constant.
Proposed by Naren Bhandari-Nepal

U.1409 Find:
a sin x - tan (x—lz) i
(1+x2) (sin2 (%) tan (x—lz) + sin? xtan(xz))

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

Qa) = ﬁ

a

U.1410 If (x,,),>1 is a positive real sequence such that x;, + X,,41 = X,43, then find:

2 2 2
Xn + Xnsz + Xnie

Q= lim — > > >
n=0 Xn+1 + Xn+3 + Xn+4 + Xn+5

Proposed by Neculai Stanciu-Romania
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U.14111f f:R - R, f(x) = X0 apx®,a, = 0,vk = 1,n with f(4) = 8 and f(9) = 18, then
determine max{f (6)} and the function which realize this maximum.

Proposed by Neculai Stanciu-Romania
U.1412 Find:

_ n_(2n% + 2n + k)?
Q= lim o 2
noo YT (2n% +2n—k + 1)

Proposed by Neculai Stanciu-Romania
U.1413 Find the closed form:
:
Q= f x tan x log(cos x) dx
0
Proposed by Naren Bhandari-Bajura-Nepal

U.1414 Prove that:

Sf txlog(1—sin*x)d s 241 22 4L'(1>+2L'
7TO)CCO)COg SIin" x x—12 5 og 12\/i Ly

—log?(1+v2) + 3log2log(1 + v2)

2—+2
4

k
where Li,(x) = Z,;";l’;—z is dilogarithm function.

Proposed by Naren Bhandari-Bajura-Nepal

U.1415 Prove that:

) w6 6
n=04"(4n+5)(2n+2)_ 81"(%) B 621

where I'(z) = fooo x?"1e™ dx is gamma function for R(z) > 0.

Proposed by Naren Bhandari-Bajura-Nepal

3_
U.1416 If we have the equation f(a, b,x) = ZiTl;i:i then find the non-trivial solutions for the

following equation in x, f (aTer,\/ab, x) = f(a, b, x).
Proposed by Srinivasa Raghava-AIRMC-India

U.14171f 1 < a < b then:
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U.1418 Find:

U.1419 Find:

U.1420 Prove that:

b b dxdy _(b—a
ff S(b—a)tanl( )
a Ja 1+xy 1+ab

Proposed by Daniel Sitaru-Romania

Q) = fnlog(\/n +x—+vn—x)dx,n €N —{0}
0

Proposed by Daniel Sitaru-Romania

Proposed by Florica Anastase-Romania

nn+1)

n
Hk!-kn-k“s(n;rz) nEN

k=1

Proposed by Florica Anastase-Romania

U.1421 Prove or disprove the following:

n?+n+2 =
Z( 1) —rm =Z —mn?x

Proposed by Artan Ajredini-Serbie

U.1422 For k € N fixed and a > 0 find:

U.1423 Prove:

0o g L < {le(n+k+i)>”

n-omw4\/nd ?:1(71 + i)

Proposed by Florica Anastase-Romania

3

J Z dx T
0 12n3x2(n—2)+(nx+x)2+2—nx2_ 8
n=

Proposed by Ankush Kumar Parcha-India
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U.1424 Find:
oo -1
oo [ Eu,

Proposed by Vasile Mircea Popa-Romania

U.1425 Find:
Q= f ' x ﬂ dx
o x8+xt+1

Proposed by Hussain Reza Zadah-Afghanistan

U.1426 Find:

o= f *(cos 2x) - 2lsinxteosxl gy [4] — GIF
0
Proposed by Mohammad Rostami-Afghanistan

U.1427 MA = aTH’,MG =+ab,MQ = ’@,a,b > 0, f:[0,0) — R increasing and concave.

Prove that:
MQ 1 1

f(x)dx > 2 (MA—MG)(f(MQ) +3f(MG)) + Z(MQ — MA)(3f(MQ) + f(MA))

MG

Proposed by Seyran Ibrahimov-Azerbaijan

U.1428 Find:

1 [ — i) j — )T
Q= lim —- Z sinz(]—- Z cosz(]—
n
1<i<jsn 1<i<jsn

Proposed by Neculai Stanciu-Romania

U.1429 In acute AABC, 1;i = 1,2,3 Malfatti’s radies, holds:

Ty + 4T3 + /131y + S - 3 4 Z mg
T 2r mym;
cyc

Proposed by Bogdan Fustei-Romania

U.1430 Find a closed form:

Ttan 1 x - log(1 + x?2
Q:f g(1+x )dx
0 x

Proposed by Ajentunmobi Abdulqoyyum-Nigeria
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U.1431 Find a closed form:

2 X
Q=f cos 2x - tan—dx
0 2

Proposed by Ajentunmobi Abdulqoyyum-Nigeria

U.1432 Prove that:
n
Z or(d) - ¢ (5) =n-ox-1(n)
dln
where gy (n), ¢ (n) is divisors function and Euler’s totient function respectively.

Proposed by Amrit Awasthi-India

U.1433 If (a,)ps1, Gns1 = 3a, — Ap_1,a; = 4,a, = 11, then prove that a,, divides a?,; — 5 and
a4 divides aZ — 5.

Proposed by Neculai Stanciu-Romania

U.1434 If f(cotx) = sin2x + cos 2x,x € (0, ) then find:
3
Q= -L cosx - f(sinx) dx

6

Proposed by Neculai Stanciu-Romania

U.1435 If x = 0 and (a,),>1 a sequence of real numbers strictly positive such that

lim = = g > 0 then find lim (n“J aX,, — a¥) (n\/(Zn - 1)!!)1_x

n—oco N-aAn
Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1436 If x = 0 and (a,)n>1, (bn)ns1 are sequences of real numbers strictly positive such
that

lim &1 = g > 0 and lim 2 = = b > 0 then find lim (n“,/ aX,, —a¥) - Ybi .

n—oo N-An n—oo N-Op
Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.1438 If m,t > 0 and x,y,z > 0 then in AABC holds:

(x+y)mat*h  (y+2z)™b'*lc (z+ x)Mcttla
z™mh} x™ht y™mht

> 2m+t+2(\/§)1_t

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1439 If m,t = 0 then in AABC holds:
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s?+rrn, a™tbt  s?+ 1. b™Ect s? 41y, c™tat

: +
s2 — T2 cmtt s2 — e gmtt s2 — .1, pm+t

>32-F?

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1440 If A, B,C; and A,B,C, are triangles with R; and R, circumradii, then:

1+1+1(1+1+1>> 4
a?  b? c?)\aya, byb, cic)  R2(R; +R,)?

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1441 In AA,B,Cy, k = 1,7, hq,, hp,, he,, are altitudes, s, semiperimeters, Fy areas and Ry,
circumradii, then:

4AF,F,

halhaz + hblhbz + hclhcz > m

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.14421If g,x,y,z € [1,0),3g = x + y + z then in AABC holds:

xx+yx+zx+xy+yy+zy

> 2+ (X7 +y?+2%) b= 6V3- g9
ha hb
Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1443If x,y,z > 0; x + z = y then in AABC holds:

2 2
(xa —yVab + zc)” + (xb — yVbc + zc) ™ + (xc — yVea + za)2 > 4\/3(x — y + 2)?F
Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.1444If x,y,z > 0 and u,v,w = O such thatu + v +w = 2m > 0 then in AABC holds:

x + +z
" Y. aubvcv +yT-b”c”aW +

X . ctalh¥ > 22m+1(\/§)2_m . Fm

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1445 If m € N* and x,y,z > 0 then in AABC holds:

3m+<@) +<M> +<@) >4-327-VF

X

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1446 Let g,m,,x,y,z € [1,),g = 3/xyzand 3m = x + y + z, then in AABC holds:
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(x* + y* 4+ z%)ab + (xY + y¥ + z¥)bc + (x% + yZ 4+ z%)ca > 123 - g™ - F
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1447 Let g,m,,x,y,Zz € [1,0),g = ?{/x_yz and 3m = x + y + z, then in AABC holds:
(x* +y*+z%)a* + (x¥ + y¥ + z¥)b* + (x% + y* 4+ z%)c* = 48 - g™ - F?
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1448 If x,y,z > 0 then in AABC holds:

x+y.(ha+hb)(ha+hc)+y+z.(hb+hc)(hb+ha)+z+x.(hc+ha)(hc+hb)>

Z hbhb X hcha y hahb =24

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1449 letn € N,n = 3;g,m,x; € [1,2),g = }/xyz,3m =x+y+zand 4,4, .. A, a
convex polygon by F area and with sides a;, = A,Ax+1, k = 1,1, 4,41 = A, then:

n n

2 T

<Z(xfk +x k4t x,’f"))Z(ak — Jarap1 + agyq) =4n%-g™-F- tang
k=1 k=1

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1450Ifm=>0,ne€N,n > 3,xy,z> 0,x + z = y and 4,4, ... A, a convex polygon by F
area and with sides a;, = AAks1, k = 1,1, Ay, = Ay, then:

4m+!(x -y + Z)m+1 . Fm+1

n
T
2 2 m+1 m+1
Z(xak — Yy Qg1 + 2Qpsq) = poe “tan™" " —
e n n

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1451 If x,y > 0 then in AABC holds:

2 2
(x2+y?)(a+b+c)=4-V27 - xyVF + (xva— yVb)" + (xVb — yv/c) +(x\/E—y\/E)2
Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1452 Ifu,v = 0;m,x,y,z € [1,0),3m = x + y + z then in AABC holds:

upRv+s u,v+4 u,v+4

(O + Y% + 27— + (¢ + Y +27) + (% + y7 +27) > 48m™ - F2

au+v bu+v

Cu
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1453 Ifu,v > 0,u+v > 0andm,x,y,z € [1,0),3m = x + y + z then in AABC holds:

((ux + vy)* + (uy + v2)* + (uz + vx)*)a*
+ ((ux + vy)¥ + (uy + vz)” + (uz + vx)?)b*
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+((ux + vy)? + (uy + vz)% + (uz + vx)?)c* > 48(u + v)™ - m™ - F?
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1454 If x,y > 0 then in AABC holds:

a’ b7 b7 64

+ + > - F3
ax+by ax+by cx+ay  +3(x+y)

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.14551f a,b,c,d,x,y > 0 then:

x2 2 xZ 2 XZ 2 x2 2 x + 2
a2<—+y—>+b2<7+y—>+c2(—+%>+d2(;+y—>2( Zy) (a+b+c+d)

b ¢ d d b
Proposed by D.M. Bdtinefu-Giurgiu-Romania
v.1456 If a,b,c, m,n > 0 then:

a? + b? N b? + ¢? N c? +a? >2(a+b+c)
ma+nb mb+nc mc+na m+n

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1457 If x,y,z > 0 then in AABC holds:

Z+

xry yx(c—\/a+a)228x/§-F

V4

(a=ab +b)" +22 (b~ Ve + )’ +

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1458 If m,x,y,z € [1,0),3m = x + y + z then in AABC holds:

x*+y*+2z* xV+yY+2zY
3; + ZZ + (x% + yZ 4+ z9)a3b*c? > 12V3 - m™F
Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.14591fn,t > 0 and m,x,y,z € [1,0),3m = x + y + z then in AABC holds:
n+1pt+1 n+1 .t+1 Mgttt

a
(xx+yx+zx)T+(xy+yy+zy)W+(xz+yz+zz) e

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1460If a,b,m = 0 and x,y,u,v > 0 then:

m+1 m+1
(a-f+b-3) _|_(a.X_|_b.K) > 2(a + b)m+!
y v X u

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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U.1461 Let (@) ns1, (by)ns1 Sequences of real numbers strictly positive such that lim <22 = g > 0

n—oo N-ap
2,
and lim % = b > 0 then find rlli_r){)lon\/ bn((n + 1) "ape, —n?- Y an)-

n—oo n
Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1462 Let (a,,),>1 be sequence of real numbers strictly positive such that lim Mt — >0

n—-oco Qan

T, 1 1
then find 7{1_{210 <"+1—an+1 — Ti/_a_n>

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1463 Let a, = V2!- V3! - ...- ¥nl,n € N* — {1} and (b,,),»1 a sequence of real numbers strictly
positive such that lim bnt1_ _ > 0, Find:

n—oo by \fan
Q= lim (""V/bys1 — Vbn)

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1464 Let t > 0 and (a,,)ns1, (hn)n=1 Sequence of real numbers strictly positive such that:

. . b . . "™ -"b
lim @ =a>0, lim =22 =) >0.Find lim 221"
n

n—oco nt-ay —oo nt¥l-p, n—oo "ay
Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1465 If f: R — R an odd function and continuous on R, a € (0, o) then find:

f“ x3((f o f)(x) +x)d
—a x2+1 *

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1466 In AABC the following relationship holds:
1
s?> 3\/§-F+Z((a—b)2 +(-0)?+(c—a)?)

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1467 If x,y,z > 0 then in AABC holds:

—+S+==>—-
h2 ~ hZ hZ " 2F

x y z 1 xy 4 vz 44
2

L C T AT B

sin?=  sin?=  sin?—
2 2

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1468 If x, v,z > 0 then in AABC holds:

x + +2)b + b
(x+y)a O+2)b (@ x)C_(@Jr_erg)Z
hb hc ha ha hb hc
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., C LA ., B
>4 xy-sm25+yz-sm25+zx-sm25

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1469 If m,n = 0 then in AABC holds:

( 1 1 ) a2m+2n+2 ( 1 1 ) b2m+2n+2

p2m + c2m) (b2 + c2)n + c2m + azm)’ (c2 + a?)n +
1 1 CZm+2n+2
2_
+(a2m+b2m).(012+b2)"2 37" V3-F

Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.1470If x,y > 0 and in AABC, g, —Gergonne’s cevian, then holds:
a*(x?gf +y%92) + b*(x* g2 + y?g3) + c*(x* g% + y?g3) 2 8V3(x + y)? - F*
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.14711fx,y > 0 and a; € (0,),k = (1,n),n € N* — {1}, then:
2

UL y? (x+7)? <
ay a + a = 2 : Qg ,ny1 = A1,0p42 = Ay
k=1 k+1 k+2 =1

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1472 If m,n,p,t > 0 then in AABC holds:

m+n n+p ptt
-a+ b+
p+t t+m m+n

.c>1327-F

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1473 If t,x,y,z > 0 then:

t? + x? t? +y? t? + z*
2 2+ 2 2+ 2 22
t2+ty+22 t24+tz+x? t24tx+y

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.14741f g,m,x,y,z € [1,»),g = 3/xyz,3m = x + y + z then in AABC holds:
(x* +y* +2z%)(a® —ab + b?)* + (x¥ + y¥ + z¥)(b? — bc + ¢?)* +
+(x?+y%+2%)(c? —ca+a?)?>48- g™ F?

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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U.1475Ifm,n = 0and a,b,c,m + n > 0 then:

(a®> + bc)?  (b% +2ca)? (c? + 2ab)? - 3(a+ b+ c)?
mab +nac  mbc+nab  mac + nbc — m+n

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1476 In AABC the following relationship holds:

a+b+cx=(a-vb) +(Vb-vc) +(Ve—va)’ +2- Y27 -VF
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1477 If x,y, z > 0 then in AABC holds: (ax + by + cz)? > 4V3(xy + yz + zx) - F
Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.1478 Ifm,n = 0 and a,b,c,m + n > 0 then:

a? N b? N c? (a+b+c)?
mb? + nab  mc?+nbc ma?+nca (m+n)(a?®+ b?+ c?)

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1479 If A; By Cy, k = 1,3 are three triangles with circumradii R, k = 1,3, then:

1 1 1 93
+ + >
a,a,as b1b2b3 C1CyC3 Rl + RZ + R3

Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.14801fm,x,y,z>0andu,v,w 203m=x+y+z,u+v+w = 2t > 0 then in AABC holds:

x* + y* 4+ z%)a*bvcV + (x¥Y + y¥ + z¥)a’b"c" + (x% + y% + z%)a¥bVc* >
4—t
>4'(v3) -m™-Ft

Proposed by D.M. Bdtinetu-Giurgiu-Romania

XXttty

U.1481Ifn € N,n >3 and m,x; € [1,0),k = 1,n,m . then:

n

Xk Xk 4 .. Xk 2...m
Z(x1 +xk+ e+ x) =n?-m
=1

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1482 Let (a,)ns1, (bn)n=1 Sequences of real numbers strictly positive such that

lim

—n41 ; bpyi  _ s (it o
o T a>0and rlll_r>r010 b b > 0. Find: Tlll_r>r010( Vbni1 ,/bn).

Proposed by D.M. Bdtinetu-Giurgiu-Romania
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U.1483 Let (a,),»1 sequence of real numbers strictly positive such that lim Intl — g and let be

n—oo N-apn

b, (x) = nsin*x (nﬂ\/afl‘ffx + n\/afl"szx>,‘v’x € R,n € N*. Find:
lim b, (x).
n—oo
Proposed by D.M. Bdtinetu-Giurgiu-Romania
U.1484 If m,n > 0 then in AABC holds:

(a®> + bc)?  (b% +2ca)? (c? + 2ab)? - 3613
mab +nac  mbc+nab mac+nbc m+n

Proposed by D.M. Bdtinefu-Giurgiu-Romania

U.1485 If x,y > 0 then in AABC holds:

Crd)we+ (Crd) wae (Cod) wp= 22T

Proposed by D.M. Bdtinetu-Giurgiu-Romania

U.1486 In AABC the following relationship holds:

2 2 2
Ja 9b 9gc\  2r
2|5+ +=|+—>7
<h;i h h?) R

Proposed by Adil Abdullayev-Azerbaijan

U.1487 In AABC the following relationship holds:

R\? mymym.(m,+m, +m
()Zabc(a b c)>

+m2+m;°;+m3>< m2 + m2 + m? )2
2r -

1
9F?2 =4 4dmoympmy, mgmyp + mym. + memg,
Proposed by Adil Abdullayev-Azerbaijan

U.1488 In AABC the following relationship holds:

3T, 3|1 3|1 3T 3T 3T, 4R
’_a + ’_b ’_b + ’_C /_C + /_a <
Ty Ty T, Ty Ty T, r

Proposed by Adil Abdullayev-Azerbaijan
U.1489 In AABC the following relationship holds:

2(a® + b?) N 2(b% +c?) N 2(c? +a?) - 3149474
(a + b)? (b + ¢)? 2(c+a)? = hghyh,

Proposed by Adil Abdullayev-Azerbaijan
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U.1490 In AABC,DE = my, EF = my, FD = m,, R,;,, 13, —circumradii and inradii in ADEF. Prove
that:

Proposed by Adil Abdullayev-Azerbaijan

U.1491 In AABC the following relationship holds:

A N e N

2
a
(o
2

>0
a B =
cos? 2 cos? 3 cos?

Proposed by Adil Abdullayev-Azerbaijan

U.1492 In acute AABC the following relationship holds:
2m,my,
cos(A — B) + cos(B—C) + cos(C — A) < Z

2 2
mg+m
cyc a b

Proposed by Adil Abdullayev-Azerbaijan

U.1493 In AABC the following relationship holds:

4(61_2 b? cz> 15w, w,w,

+=+— > 27
b2 " ¢?  a? TalpTe

Proposed by Adil Abdullayev-Azerbaijan
U.1494 In AABC the following relationship holds:
2
gy  bc 4R
24y (B2 S
bc  rf r
cyc
Proposed by Adil Abdullayev-Azerbaijan
U.1495 In AABC the following relationship holds:
A
481_[sin5 <3+ cos(A—B)+cos(B—C)+cos(C—A4)
cyc
Proposed by Adil Abdullayev-Azerbaijan

U.1496 In AABC, N, —Nagel’s point, D, E, F —circumcenters of ABCN,, ACAN,, AABN,,. If
AM, BK,CN —Gergonne’s cevians then:

[aBc] _ . [IDEF]

4 - [MNK] [ABC]

Proposed by Adil Abdullayev-Azerbaijan
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U.1497 Let be M € Int(AABC) with area F and x = AM,y = BM,z = CM, then:

xy'ha+yz-hb+zx-hc>2F

b c a

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1498 If x,y,z > 0 then in AABC holds:
1
xy - hghy + vz - hyhe + zx - hohy < Z(ax + by + cz)?

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1499If x,y,z > 0, then in AABC with F area holds:

xy-ha+yz-hb+zx-hc<(ax+by+cz)2
b c a 8F

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1500 If x,y,z > 0 then in AABC with F area holds:

(x+y)b+(y+z)c+(z+x)a_(ax bx cz

+—+ >>4 i 2C+ i 2B+ in2 <
—+—+—| >4 |xysin?= + yzsin? — + zx sin? —
hy hy he hy " hy R, ysmty T yzsity 2

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1501 If x, y,z > 0 then in AABC with F area holds:

2
x y z xy +yz + zx
—t+S+—| 22—
(hz " h%) 2

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1502 If x,y,z > 0, then in AABC with F area holds:

ax+b by+cz cz+ax
Y2 + >4-Y27 -VF

z X
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1503 If x, y,z > 0 then in AABC with F area and a, b, c the lengths of sides holds:

x% —yz 2 _z7x 7% —x
a+b+c=>2-V27-VF+ - Y b2 +c- y)

a
x+y+z ( X y z

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
U.1504 Let X € Int(AABC) and d,, d;, d. —distances from M to the sides BC, CA, AB. If

M € BC,N € CA, P € AB, then holds:
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Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
U.1505 In AABC,n, —Nagel’s cevian, g, —Gergonne’s cevian, holds:
nZ+nZ+n2+g2+gi+g2+2r(y+m,+1.)=8V3F
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1506 For m = 0, find:

Q= lim (("“,/(Zn n 1)!!)m+1 - ("\/(Zn — 1)!!)"’“) . tanm%

n—-oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
U.1507 If x > 0, then in AABC with F area holds: xa? + b% + x?c? > 4x\3F
Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
U.1508 In AABC with F area holds: 1936a? + 44b? + c? > 176V3F
Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
U.1509 If x > 0, then in AABC with F area holds:

x2+x+1 >xW
ha hb hc_ \/f

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

U.15101f m = 0, then in AABC holds:

(ha + T)m+1 (hb + r)m+1 (hc + T)m+1

> 2m+2
ha(ha - T)m hb (hb - T)m hc(hc - r)m -

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
U.1511Ifx,y,t > 0 and x + y = 2, then in AABC with F area holds:
ta? + t2b*c* + b*c* > 4tV3F
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1512 In AABC with F area holds:

a? + b2+ 2 +ab + bc + ca > 8V3F + (a —Vbe) + (b —vea)’ + (c — vab)’

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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U.1513 Lett > 0, (Hp)pns1, Hp = ’,‘",f:l% and (a,),>1 a sequence of real numbers strictly positive
such that lim 221 = g > 0. Find:
n—oo N-ap

Q = lim e—tHn ((n+1 ,—an+1)t+1 _ (va—n)t-'-l)

n—-oo

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1514 Form = 0, find:

Q= lingo ((n+1 ,—(n n 1)!)m+1 B (W)m+1) Sinm%

n-—
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
U.1515 Let t € (0,2], M € AC of AABC, then holds:

Wg—tr BM—tr m.—tr 33—t
+ + >
hg +71 hg +1 he+r1 4

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Ndnuti-Romania
U.15161fx,y € [0, g) then in AABC with F area holds:

e* +e¥ . eY + e? . eZ + e”*

——a*+—— b+ ———¢* = 32F?
1+sinz 1+ sinx 1+siny

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

U.1517 Let t > 0,u = 0 then in AABC with F area holds:

QLD | pttD) 4 otuk) 5 2t(u+1)(\/5)2“(““)(%)““*1)1;@
Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania

U.1518 If x, y,z > 0 then in AABC with F area holds:

X VA
2 a+Lbt——c>2-Y27VF

Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania

U.1519 If x, y,z > 0 then in AABC with F area holds:

2 2
eX + x2 ey+y z+z

e
a* + -b* + ¢t > 24F?
y+z z+x x+y

Proposed by D.M. Bdtinefu-Giurgiu, Dan Nanuti-Romania

U.1520 Let M € Int(AABC) and x = MA,y = MB,z = MC, then holds:
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xa > 24/3
haiyz | hbm h\/—

Proposed by D.M. Bdtinetu-Giurgiu,Gheorghe Boroica-Romania

U.1521 If x,y,z > 0 then in AABC with F area holds:

2 2

72

e
b+ ¢ > 2327 -F

y+z zZ+x x+y

e* e¥

Proposed by D.M. Bdtinetu-Giurgiu -Romania

U.1522 In AABC with F area holds:

4

e 4 et 4" >8V3-F
Proposed by D.M. Bdtinefu-Giurgiu-Romania
U.1523 In AABC with F area holds:
e 4+ eb” 4 e > 427 -\F
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1524 Let M € Int(AABC) and x = MA,y = MB,z = MC, then:

X

\/—_ \/_ \/_ c?>43-F
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania
U.1525 In AABC holds:
asin B bsin? C csinA

>3

+ +
(sin? C + sin? A)h, = (sin? A+ sin? B)h, = (sin? B + sin? C)h,
Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1526 Letm = 0,M € Int(AABC) and F = [ABC],F, = [MBC], F, = [MCA], F, = [MAB], then:

1_|_FaZm+2 N 1+F§m+2 1+F2m+2 >i
(F — Fa)m+1 (F — Fb)m+1 (F F )m+1 - 2

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania
U.1527 Letm = 0,444, ... Ag a convex octagon with F area with lengths sides a;, = ApAk+1,

k=18A4q =AM € Int(A14, ..Ag). Ifd;, = d(M, Ay A1), k = 1,8 is distance from M to the
side AgAy+1, k = 1,8, then:
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8
m+2
Z ay T
m+2 m+1
m >2 - F - tan §
k
k=1

d

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania

U.1528 If x, v,z > 0 then in AABC with F area holds:

(1+1> x +(1+1) y +<1+1) z >2\/§
y z/) hyh, \z x/ hh, \x y/ hghy,  F

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania

U.1529 Let x € (0, ) and AABC with F area, the points A; € (BC), B, € (CA), B; € (AB) such
that BA1 =X- A1C, CA1 =X BlA,Acl =X ClB, a, = Blcl, b1 = ClAl’ 1 = AlBll then:

Vx2—x+1
aa1+bb1+CC124\/§'T'F

Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania
U.1530 Let x,y,z > 0 such that xyz = 1, then in AABC with F area holds:
xa® + yb? + zc> > 43 - F
Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania

U.1531If x,y,z > 0 then in AABC with F area holds:

xy sin? — + yz sin? 3 + zx sin? 3

EAay
x+y y+z z+x X hi >1
—2F 2

+ + -5+
hqhy, ~ hph.  hch, hZ = h?
Proposed by D.M. Bdtinetu-Giurgiu, Mihaly Bencze-Romania

U.1532 If m > 0 then in AABC with F area holds:
am+2b bm+2C Cm+2a 2m+3

+ + >
hzn hlz;m+1 h;)n h§m+1 hznhczlm+1 3mFm—1

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

U.1533 Letm = 0 and x,y,z > 0 then in AABC with F area holds:

xqM+2 N yb™+2 N ZcMH2
Jyzh™  Nzxh!* [xyhl"

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

> 2m+2(y3) R

U.1534 Letm,n = 0 and x,y,z > 0 then in AABC with F area holds:
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xam+2 ybm+2 ZCm+2

+2 I-m-n .,
\/ﬁthZn + mh;)n+2n + \/x—yhz_n+2n = 2" (\/g) R

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania

U.1535 In AABC,AA,B,C; with areas F, F; holds:

aa? N bb? N cc? .
ha hb hc a !

Proposed by D.M. Bdtinetu-Giurgiu, Floricd Anastase-Romania
U.1536 Let M € Int(AABC) and d,, d}, d. —distances from M to the sides BC, CA, BA, then holds:

>2v3-J(4R + 1)r

ad, bd,. cd,
+ +
Jdedy  Jdady  (dpde

Proposed by D.M. Bdtinetu-Giurgiu, Daniel Sitaru-Romania

U.1537 In AABC with F area holds:

a3+b3+c3> 24s
T, 1, T. 2R-—r

Proposed by D.M. Bdtinetu-Giurgiu, Dan Nanuti-Romania
U.1538 In AABC with s semiperimeter holds:

a b c 6V3r
>

T, 1, 1. 2R-—r

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Ndnuti-Romania

U.1539 In AABC the following relationship holds:

n

R WoWp WA\
(—) +(“—’”> >2,n>0
2r T pTe

Proposed by Adil Abdullayev-Azerbaijan
U.1540 If x,y,z > 0 then:
X x x x+ +2z)(z+x)—8xyz
Z +41—[ 22+1—[ (x+»+2)(z+x) —8xy
y+z y+z yv+z (x+y)y+2)(z+x)—4xyz

cyc cyc cyc

Proposed by Adil Abdullayev-Azerbaijan

U.1541 In AABC the following relationship holds:
2

3 < Z a <1+ R
27 Lub?+c? Ar
cyc
Proposed by Marin Chirciu-Romania
U.1542 Ifa,b,c > 0,k = 2 then:
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a b c 3(a+b+c)
+ + <
Vka+b Vkb+c +kc+a k+1

Proposed by Marin Chirciu-Romania
U.1543 In AABC the following relationship holds:

sl B ¢ A 3,
B C A_3
Z\/SIHZSIHZCOSZ_Z@

cyc

Proposed by Marin Chirciu-Romania
U.1544 In AABC the following relationship holds:

té
Pe-p) <X s

cyc

Proposed by Marin Chirciu-Romania
U.1545 Solve: 237 = 3% x € R,
Proposed by Jalil Hajimir- Canada
U.1546 Solve for real numbers:
([x] + 1)* + ([x] + 2)* + ([x] + 3)* = [x]5%, [*] — GIF.
Proposed by Jalil Hajimir- Canada
U.1546 Find:

£ () if f(2) = 7 13 + e32" cos(52)

where £ (z) —denotes the nt" derivative of f(2).
Proposed by Jalil Hajimir- Canada

U.1547 Solve for real numbers: /2(x? + 1) + logx = 2x
Proposed by Jalil Hajimir- Canada
U.1548 Solve for real numbers:

[x]

x[x] + 7=5; [¥] — GIF.
Proposed by Jalil Hajimir- Canada
U.1549 Find:
- T(2x)T'(3x) — 6I'(x)
Q = lim =
x-1 Vx—1

Proposed by Jalil Hajimir- Canada
U.1550 Find without softwares:

X

%) 22
sz dx
o 1+e*

Proposed by Jalil Hajimir- Canada
U.1551 Find without any software:

2020
Q= f (- (2x — [x]Ddx, [*] — GIF.
1399

Proposed by Jalil Hajimir- Canada
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U.1552Ifa,b,c > 0anda+ b +c = 1then: 13(a® + b3 +¢c3) —12(a* +b* +cH) > 1
Proposed by Marin Chirciu-Romania
U.1553If a,b,c > 0 such thatabc =1and 1 >0 then:
(b?2 + /1c2)2
A+ 1)2
Z a+ bc ( +1

cyc
Proposed by Marin Chirciu-Romania
U.1554 If a,b,c > 0 such that abc = 1 and n € N*,n = 3 then:

(b+c)™ 3-27
Z > A= 2
ad+ 1 A+1

cyc
Proposed by Marin Chirciu-Romania

Q j2x2+exd
= | —5——=dx
1 X% +xe*

Proposed by Marin Chirciu-Romania

U.1555 Find:

U.1556 In AABC the following relationship holds:
6 < R
3+ cos(A—B)+cos(B—C)+cos(C—A) ~ 2r
Proposed by Adil Abdullayev-Azerbaijan
U.1557 In acute AABC, o, —circumcevian, the following relationship:
2 2
wZ wp w ( 0,4 0p 0. )
—+—+—==2 + +
h2 = hi = hZ athe op+hy, o.+h
Proposed by Adil Abdullayev-Azerbaijan

U.1558 In AABC the following relationship holds:

(cosA)2 N (cos B)Z N (cos C)Z - 1
Sq 0p Sc ~ 3R?

Proposed by Adil Abdullayev-Azerbaijan

U.1559 In AABC the following relationship holds:

1 1
ha !y ' he (Rf
_— S PR
i + i + i 2r
mg mp mg
Proposed by Adil Abdullayev-Azerbaijan
U.1560 In AABC the following relationship holds:
a N b N c >3+3r(R—2r)
b+c c+a a+b 2 8R?
Proposed by Adil Abdullayev-Azerbaijan

U.1561 In AABC the foIIowing relationship holds:
(Zma) (mb N mc) | ma(my —me)* (mg —mj —me)®
hg m. m 9m2Zm2F?
Proposed by Adil Abdullayev-Azerbaijan

U.1562 Find:
1 +cos(7TF(x))
Rt Ly ey
Proposed by Jalil Hajimir--Canada
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U.1563 In AABC the following relationship holds:
Ta Tp L mgmpme WaWpWe
22 )
TaTpTc hahb hc
Proposed by Adil Abdullayev-Azerbaijan

U.1564 In AABC the following relationship holds:

at+c\? (b+a\’ e+ b\’ 81,17,
) 7o) ~G2) 5=
a+b b+c c+a WoWpW,

Proposed by Adil Abdullayev-Azerbaijan

U.1565 Solve for real numbers:
[x?] + x? = 2x[x], [x] — GIF.
Proposed by Jalil Hajimir--Canada
U.1566 Solve for real numbers:
x[x] + x?[x?] = 20, [*] — GIF.
Proposed by Jalil Hajimir--Canada
U.1567 Prove:

tan"'x tan™!
tanty
X y

T
2§,0<x,yS1

Proposed by Jalil Hajimir--Canada
U.1568 Prove:

VI =D +V1G = [xD < (xy,x,y = 0,[x] - GIF.
Proposed by Jalil Hajimir--Canada

U.1569 Evaluate:

3

0= [
) x2+1 X

1 2 3
<[+ [2] +[2] < 5.0 - e
x x x
Proposed by Jalil Hajimir--Canada

Proposed by Jalil Hajimir--Canada
U.1570 Solve:

U.1571 Solve for real numbers:

V2x+1+V8x+4=4
Proposed by Jalil Hajimir--Canada
U.1572 Find the values of a and n if:

n((2) s 5 (29)

x—0 ax™

=1
Proposed by Jalil Hajimir--Canada

U.1573 Let a, b and ¢ be positive real numbers such that abc = 1. Prove that:
a N b N c < 3
a>+1 b>+1 c¢5+17 2
Proposed by Jalil Hajimir--Canada

U.1574 Calculate the surface area of:
S={(x,y,2)|x* +y?=2%-1<z<1}
Proposed by Jalil Hajimir-Canada
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U.1575 Let a, b, ¢ > 0. Find for what values of k the following inequality holds:

a b c ki abc
—+—-—+—-+——2>=3+k
b ¢ a a+b+c
Proposed by Jalil Hajimir--Canada

U.1576 Prove that:
|sinx;| + |sinx,| + -+ |sinx,| =1 —|cos(x; + x, + -+ + x,)|
where x4, X5, ..., X, ER,n > 2,n € N.
Proposed by Jalil Hajimir--Canada
U.1577 Find without softwares:

x2

Q= dx
fo (x2 + 1) (x% + 4)?
Proposed by Jalil Hajimir-Canada

U.1578 In AABC the following relationship holds:

2

(ma + mb)(mb + mc)(mc + ma) < (5)
8m,mym, —\2r
Proposed by Adil Abdullayev-Azerbaijan

*® dx
Q= f_oo 1 + 2020

Proposed by Adil Abdullayev-Azerbaijan
U.1580 In acute AABC the following relationship holds:

U.1579 Find without softwares:

4abc

cos(A — B) cos(B — C) cos(C — A) < @3 + b3 + ¢3 + abe

Proposed by Adil Abdullayev-Azerbaijan
U.1581 In AABC the following relationship holds:

16(m2mZ + mim?2 + m?m2) = 9(a?b? + b%c? + c2a?)

Proposed by Adil Abdullayev-Azerbaijan
U.1582 In AABC the following relationship holds:

(ma + mb)(mb + mc)(mc + ma) 9F2 >9
mgmpym mambmc(ma + my + mc) N

Proposed by Adil Abdullayev-Azerbaijan
U.1583 In AABC the following relationship holds:

A-B B—-C C—-A (hg\* ha\?
8 cos cos cos S(—) +3(—) + 4
2 2 2 W, W,

Proposed by Adil Abdullayev-Azerbaijan

U.1584 In AABC the following relationship holds:
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3(r2ry, + . + ) (1 + npr2 + 1r2) = s°

Proposed by Adil Abdullayev-Azerbaijan
U.1585 In AABC the following relationship holds:

mg my m, 9F?
+ + + <2
my,+m, m.+m,; mg+my, 2mymym.(m,+m,+m.)

Proposed by Adil Abdullayev-Azerbaijan

U.1586 In AABC the following relationship holds:

m m m 1 mompym.(mg, + my + m,)
a + b + (4 <4 alltp!ltc a2 b c
m,+m, m.+m, mg+my, 2 9F

Proposed by Adil Abdullayev-Azerbaijan

U.1587 In AABC the following relationship holds:
Ta 43 e
-+ 5+ = 2R(4R + 1)
2 2 2
cos?— cos®—  cos®-

Proposed by Adil Abdullayev-Azerbaijan
U.1588 If a, b, c = 0 such that ab + bc + ca = 1 then find the minimum value of the
expression:

a* b* ct 80

b+c c+a a+b a+b+c
Proposed by Marin Chirciu-Romania

U.1589 In AABC the following relationship holds:
A 4R
18F < Zra(rb + 1) cotE <2F (7 + 1)

cyc
Proposed by Marin Chirciu-Romania

U.1590 In AABC, N —ninepoint center, S, —Spieker’s point, I —incenter, O —circumcenter,

G —centroid. Prove that: [IGN] = [OGSp].
Proposed by Adil Abdullayev-Azerbaijan
U.1591If a,b,c > 0and 0 < A1 < 5 then:
a’> b? c? 8labc
b2+c2+a2+(a+b)(b+c)(c+a)
Proposed by Marin Chirciu-Romania

>A+3

U.1592 Find:
3

1 x
Q= dx
fo (x—1)323+4+3x-5
Proposed by Marin Chirciu-Romania

U.1593 In AABC the following relationship holds:
A
12r < Z(b +¢) tanE < 6R

cyc
Proposed by Marin Chirciu-Romania
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U.1594 In AABC the following relationship holds:

s—a s—a
N
hy, —2r Ty —T

cyc cyc

Proposed by Marin Chirciu-Romania
U.1595 If a4, ay, ..., a, > 0,n = 3 such that a,a, * ...- a, = 1 then:
a, a, a, 2 2 2
— 4+ =4+ —=a" tal et art
a as a,
Proposed by Marin Chirciu-Romania
U.1596 If a,b,c = O suchthata+ b + c = 2and ab + bc + ca = 1 then:

Z 1 - 5
1+a*>)(1+b%) 4
cyc

Proposed by Marin Chirciu-Romania

U.1597 If a,b,c,x,y,z > O such thatx + y + z = 3and 1 > 2 then:
a b c 3

+ + =
a+Abx b+Acy c+Adaz A+1
Proposed by Marin Chirciu-Romania

U.1598 Solve for real numbers:

Vx? —2x+2a-log,(2a—y) =x
y2—2y+2a-log,(2a—z)=y;a>1
Vz? —2z+4+2a-log,(2a—x) =z

Proposed by Marin Chirciu-Romania
U.1599 Find:

wly

xtanx + 1

B j; x + cosx
Proposed by Marin Chirciu-Romania

U.1600 Let m and n be a positive integers. Prove that if n is a multiple of 3, then (X™ —
1™ — 1 is divisible by X?™ — X™ + 1,

Proposed by Marin Chirciu-Romania
U.1601 In AABC the following relationship holds:

b2 + c2
AZ\/E+#Z <30+ V3R A1 2 0

cyc cyc
Proposed by Marin Chirciu-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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19 GEORGE APOSTOLOPOULOS-GREECE 59 LAVINIA TRINCU-ROMANIA
20 MOHAMED AMINE AJIBA-MOROCCO 60 ILEANA STANCIU-ROMANIA
21 NGUYEN VAN CANH-VIETNAM 61 DAN MITRICOIU-ROMANIA
22 CHOY FAI LAM-HONG KONG 62 MARIA LAVINIA POPA-ROMANIA
23 OANA SIMONA DASCALU-ROMANIA 63 SORIN PIRLEA-ROMANIA
24 GILENA DOBRICA-ROMANIA 64 DORINA GOICEANU-ROMANIA
25 DANIELA DIRNU-ROMANIA 65 IULIA SANDA-ROMANIA
26 SABINA SUBTIRELU-ROMANIA 66 NICOLAE RADU-ROMANIA
27 CRISTINA ENE-ROMANIA 67 MIHAELA STANCELE-ROMANIA
28 IACOB MEDA-ROMANIA 68 MIHAI IONESCU-ROMANIA
29 LUCIAN TUTESCU-ROMANIA 69 CARINA VIESPESCU-ROMANIA
30 ALINA TIGAE-ROMANIA 70 ALECU ORLANDO-ROMANIA
31 RARES TUDORASCU-ROMANIA 71 CATALIN PANA-ROMANIA
32 ELENA GRIGORE-ROMANIA 72 RAMONA NALBARU-ROMANIA
33 ELENA ALEXIE-ROMANIA 73 LUIZA DUMITRESCU-ROMANIA
34 MIHAELA DAIANU-ROMANIA 74 CAMELIA DANA-ROMANIA
35 SIMONA RADU-ROMANIA 75 ILEANA DUMA-ROMANIA
36 CLAUDIU CIULCU-ROMANIA 76 GIGI ZAHARIA-ROMANIA
37 MIREA MIHAELA MIOARA-ROMANIA 77 NEDELCU ELENA-ROMANIA
38 ROXANA VASILE-ROMANIA 78 MARIAN CIUPERCEANU-ROMANIA
39 LUIZA CREMENEANU-ROMANIA 79 CATALIN NICOLA -ROMANIA
40 GHEORGHE BOROICA-ROMANIA 80 JALIL HAJIMIR-CANADA

NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
materialele pe mailul: dansitaru63@yahoo.com
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