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Abstract

We present a new proof of Cauchy-Bouniakowski-Schwarz’s inequality.

Bouniakowski’s inequality is a famous one. It is stated as follows:

Theorem 1 Given

L1y T2y vy T Y15 Y25 -5 Yn € R.

Prove that:

(2 + 22 + ... + xi)(y% + Y+ .+ yi) > (11 + Zoys + ... + Tpun)d

We give a new proof as follows:

Case 1. If

2P+ + .+ 22 =0

or

R+ + 2 =0

we have Q. E. D.

Case 2. If
2 2 2
] + x5 + ...+ 2, #0
and
2 2 2
v+ ys oyt #0
Let
2 _ .2 2 2. p2 _ 2 2 2
Then
r1 = Rgsinagsinas...sina,_ssina,_1
To = R,sinogsinas...sin oy, COS (1
r3 = R,sinoqsinas...cos a,—9
T, = R;cosag



and

y1 = RysinBisin Bo...sin B,_osin B,
Y2 = Ry sin B sin Bo...sin B, o cos B—1

ys = Ry sin By sin Ba... cos B2

Yn = Ry cosBi
We have
n—2 n—2
1 = RgRy H sin oy sin By, sin o, —1 8in By, 15 Tay2 = Ra Ry H sin ar, sin B, coS a1 €08 Br_1.
k=1 k=1
Thus,
n—2
Ty + x2y2 < |y + @eye| = |R.Ry|| I] sinagsinfy|.|cos(an—1 — Bn-1)]
k=1
n—2
< |RzRyl| T sinay sin fg|.
k=1
From this relation, we have:
n—3

T1y1 + Tay2 + w3ys < |Tiyn + Tay2 + w3ys|

n—3
< |RzRy|| 1] sinay sin G|
k=1

T1y1 + Tay2 + ..+ TpYn < |Tiyn + Zaye + ..

From (1) and (2), we have

@45+ .+ 2+ v+t yn) > (T

The quality happens if and only if

B_ T _

Y1 Y2 Yn '

< |RzRy|| ] sin oy sin fi|.| cos(an—2 —
k=1

+ Ty + ...

+ zuyn| < [ReRy| (2)

+ xnyn)Q(QED)
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